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1 Introduction

This report accompanies our paper “Colimits in homotopy type theory,” which is released at
https://phart3.github.io/colimits-paper.pdf. It expands on the theorems and proofs provided

in the paper. It also contains related material not included in the paper.

Remarks on notation

e The symbol = denotes the identity type. The symbol = denotes judgmental equality. The

symbol := denotes term definition.
¢ We use both underbrace and overbrace on terms to indicate = or :=.

e For convenience, we’ll use the notation

Pl(p1,...,pn) : a=Db

to denote an equality obtained by simultaneous or iterative path induction on paths py, ..., pn.

We only use this shorthand when the equality is constructed in an evident way.

2 Trees

A (directed) graph T is a pair consisting of a type I'g : Y and a family 'y : Tg — T'g — U of types.
Definition 2.0.1. Let I' be a graph.

1. The geometric realization of T is the coequalizer |T'| := Lo/r,, i.e., the HIT generated by the

functions
o |-|:To = Tojr,
e quotrel : [T, Ti(z,y) — [2| = |yl
2. We say that I' is a tree if |T'| is contractible.
Example 2.0.2.
o Both N and Z are trees when viewed as graphs.
o The span [ <~ m — r is a tree where [, m,r denote the elements of Fin(3).
Lemma 2.0.3. For every graph T', colimp1 ~ To/r,.

Corollary 2.0.4. For each type A, define the diagram F* over T' by

FiA = A
A o
F’i,j,g = IdA .

If T is a tree, then the function [idal, ., : colimp(F4) — A is an equivalence.
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Proof. Suppose that I' is a tree. Since A x — has right adjoint A — —, we see that

~

colimp(F4) —=—= colimp(FA>*1)) —= A x colimp(F1) A

[ida]

commutes. O

Let T be a graph. Define the indexed inductive type of walks from i to j in T

Wr : Tg—Tog—>U

nil = [ wr(i,i)

:I'g

cons : [ Tu(i,5) = Wrlj, k) = Wr(i, k)

i,5,k: o
Definition 2.0.5. Let jo : I'g. We say that I' is a combinatorial tree if
o for every i : 'y, we have a term v(i, jo) : Wr(4, jo)
o forevery i,j: g and g : I'1 (7, j), we have a term
og = v(i,jo) = cons(g, (4, jo))-
Lemma 2.0.6. For everyi,j: Ty and z : Wr(i, j), we have a term
7(2) = il =]
Proof. We proceed by induction on Wr.
e Define 7(nil;) = refl;.

o Letd,5,k:To, g:T1(4,7), and z: Wr(4, k). Suppose that 7(z) has been defined. Define

7(cons(g, z)) = quot-rel(g) - 7(2)

Lemma 2.0.7. Every combinatorial tree is a tree.

Proof. Let T' be a combinatorial tree. It suffices to prove that for every = : l'o/ry, & = |jo|. We

proceed by induction on quotients. For each i : I'g, we have the term

T(v(iJ0)) + il = ljol



by Lemma 2.0.6. Since I' is a combinatorial tree, we also see that for all i,5 : I’y and ¢ : T'1 (4, ),

quot-rel(g).(7(v(i, jo)))
)=t m(v(d, jo))
)

)

= quot-rel(g

L. 1 (cons(g,v(4,70)))
1

(9)
= quot-rel(g)~
= quot-rel(g) ™" - quot-rel(g) - (4, vj,,i)

= 7(J, Vjo,i)
This completes the induction proof. O
Corollary 2.0.8. Every directed tree, in the sense of [9, Directed trees], is a tree.
Proof. Just notice that every directed tree is a combinatorial tree. O

Example 2.0.9. Trees are abundant in HoTT. Indeed, consider a coalgebra for a polynomial

endofunctor Py g for a signature (A, B):

X = (X, a:X—>Z(B(a)—>X)>
a:A

Every element of X has the structure of a directed tree [9, The underlying trees of elements of
coalgebras of polynomial endofunctors|. In particular, every element of the W-type for (A, B) is
a tree as W(A, B) has a canonical coalgebra structure [9, W-types as coalgebras for a polynomial
endofunctor]. Also, every element of the coinductive type M(A, B), the terminal coalgebra for P4 g,

is a tree.



3 Category theory

3.1 Wild categories and functors

Definition 3.1.1. A wild category C is a tuple consisting of

Ob : U
home : C—-C —U

[¢]

[T home(Y.2) = home(X,Y) — home (X, Z)
X,Y,Z:C

id : Hhomc(X,X)

X:C
Rd - ] I[I feoidx=rf

X,Y:C f:home(X,Y)

tud = [ [ idver=r

X,Y:C f:home(X,Y)

assoc : H H H H (hog)of=ho(gof)

W,X,Y,Z:C h:hom¢(Y,Z) g:home (X,Y) f:home (W, X)
Definition 3.1.2. A functor F': C — D between wild categories consists of

Fy : Ob(C) — Ob(D)

Fr: J home(X,Y) = homp(Fy(X), Fy(Y))
X,Y:0b(C)

R ] 11 I[I FAGon=Flg) k()

X,Y,Z:0b(C) g:home (Y, Z) f:home (X,Y)

F3 : H Fl(ldx) = idFO(X)
X:0b(C)

We may refer to Fy or Fy by F. Also, if the data F, and F3 are omitted, then we call F' a 0-functor.

Definition 3.1.3. Let C be a wild category. A reflective subuniverse of C is a predicate P : Ob(C) —

Prop together with functions

O : 0b(C) — Ob(C)
7 H home (X, OX)

X:0b(C)
such that
o for each X : Ob(C), P(OX)

o for each X,Y : Ob(C) with P(Y"), the function

home (OX,Y) L2727, home (X, Y)



is an equivalence. The inverse of this map is denoted by recq.
We define Cp =}~ v.op(c) P(X)

Proposition 3.1.4. For each X : Ob(C), the square

)OY

_—
reco (nyof

in C commutes.

Definition 3.1.5. A bicategory is a wild category C equipped with

e an identity

ap_,s(assoc(k, g, h)) - assoc(k, g o h, ) - apy,_(assoc(g, h, k))

Hp(f,k,g’h)

assoc(k o g, h, f) - assoc(k,g,ho f)

for all composable morphism k, g, h, and f.

o an identity
assoc(g,id, h) - ap,,_(Lid(R))

v(g,h)

ap_.n(Rid(g))

for all composable morphisms g and h.

Lemma 3.1.6. Let C be a bicategory. For every A,B,C : Ob(C), f : hom¢(A, B), g : home(B, (),

we have that

Lid(g o f)~* - assoc(id, g, )" - ap_o(Lid(g)) = reflyoy.

aPid o —

Proof. Since the function (¢ = d)
and d, it suffices to prove that

(id oc = id od) has a retraction for all parallel morphisms ¢

apig,_(Lid(go f)) ™" - apigo_(assoc(id, g, f)) ™" - apigo_(ap_o(Lid(9))) = refligo(gor)-

Note that the left two subdiagrams of

ap_ s (assoc(id,id,g)) assoc(id,id og, f)
((idoid)og)o f = (ido(idog)) o f = ido((idog) o f)
Il Il
ap_, s (apig o (Lld(g))) apig o (aP_o f(LId(g)))
ap_o s (ap_o4 (RId(id))) Il Il
(idog)o f =———==——do(gof)

assoc(id,g,f)

apy o (ass0c(id,g./))

ido(ido(go f))

apygo_ (Lld(gof))



commute, and we want to prove that the right one commutes. Hence it suffices to prove that this

diagram’s outer perimeter commutes. This follows from the commuting diagram

ap—of(assors(idy

((idoid)og) o f
ap_o s (ap_oq (RId(id)))

(idog) o f

assoc(id,id og, f)

ido ((idog) o f)

apy o (assoc(id,g, f))

(idoid) o (go f) ctaaeeh ido(ido(go f))

|
aP_o(gof) (Rld(id))/
l apyo_ (LId(gof))

ido(gof)

(ido(idog)) o f

assoc(id oid,g, f)

assoc(id,g, f)

Definition 3.1.7. Let C be a wild category.

e A morphism f : hom¢(A, B) of C is an equivalence if it is biinvertible:

is_equiv(f) = Z gof=idaxfoh=idp

g,h:hom¢ (B, A)
We write A ~¢ B for the type of equivalences from A to B.
e We say that C is univalent if the function
idtoequiv : (A =0b(C) B) — (A~¢ B)
reflA — (idA, idA, idA, le(ldA), le(ldA))
is an equivalence.

Example 3.1.8. The category U of types and functions is a bicategory and (assuming the univalence

axiom) is univalent.

Lemma 3.1.9. Suppose that C is a wild category. Let (P, (O, n) be a reflective subuniverse on C. For
each X : Ob(C), P(X) — is_equiv(nx).

Proof. Let X : Ob(C). The type Tp x of tuples

Y : Ob(C)

q: P(Y)

f : home(X,Y)

I: H P(Z) — is_equiv(A(g : home(Y, Z)).go f)
Z:0b(C)



is a mere proposition. Now, suppose that P(X). We have terms

(X,...,idx,...)
(OX,,T]X,)

of type Tp,x, which must be equal. Therefore, we have a commuting triangle

X
y Y‘
X - - > OX
in C. This implies that nx is an equivalence. O

By Proposition 3.1.4, it follows that n restricted to Up is a natural isomorphsm id, = OoTof

functors where Z denotes the inclusion of the subuniverse Up into U.

3.2 Orthogonal factorization systems

Definition 3.2.1. Let C be a wild category. An orthogonal factorization system (OFS) on C consists
of predicates

LR : H hom¢(A, B) — Prop
A,B : C

such that
1. both £ and R are closed under composition and have all identities;

2. for every h : hom¢(A, B), the type

facte r(h) = Z Z Z (go f)=hxL(f) xR(g)

D:C f:home(A,D) g:home (D,B)
is contractible.

Example 3.2.2. Rijke et al. use a particular indexed recursive 1-HIT to show that every family
[1,.4 F(a) = G(a) of functions induces an OFS on U [8, Section 2.4].

Definition 3.2.3 (Lifting property). Let C be a wild category. Let [ : hom¢ (A, B) and H be
a property of morphisms in C. We say that [ has the left lifting property against H if for every

r : home(C, D) with r € H and every commuting square

hS
Q

PR,
3

sy
>

_r
S
g



the type

fill(S) = Z Z Z assoc(r,d,l) - ap,.._(Hy) = ap_,,(Hy) - S

d:home (B,C) Hy:dol=f Hy:rod=g
of diagonal fillers is contractible. In this case, we write ~H([).
The predicate right lifting property is defined similarly.
Let C be a univalent bicategory and (£, R) be an OFS on C.

Lemma 3.2.4. Let h : hom¢(N, M) and (U, sy, tu,pu), (V,sv,ty,pv) : facte r(h). We have that

(U, sv,tv,pu) = (Visv,tv,pv)) = Xopeey Z Z apy, o (Hr) - assoc(ty, e, su) ' - ap_o,, (Hr) ' pu =pv

Hp:sy=eosy Hr:ty=tyoe

Y (V,sv,tv,pv,e)

Proof. For each U : Ob(C), the type family V +— U ~¢ V is an identity system on (Ob(C), U) because

C is univalent. We also have the type family

D — Z Z gof=nh

fthom(A,D) g:hom(D,B)

over Ob(C), which is pointed over U at (sy,ty,pu). Now, we have a term
(Lid(sp) ", Rid(ty) ™1, 0(tu, sv)) = Y(U,su,tu,pu,idy)

where 0(ty, sy) comes from Definition 3.1.5. It follows that Y (V,sy,ty,py,e) is an SNS on
(Zf:hom(A,D) Zg:hom(D,B) gof=hU~=~¢ V). Note that

st:hom(N,U) Ztv:hom(U,M) va:tvosv:h EHL:sv=idU osy ZHR:tU=tvoidU aptvof(Hﬁ) . aSSOC(tv, idU? SU)71 “AP_osy (HR)71 ‘Pu =Ppv

Zsy:hom(N,U) ZHL:SV:idU osy Zf,vzhom(U,]\/I) ZHR:tU:tvoidU Zpy:f,vosvzh, aptvof(Hﬁ) ~assoc(ty, idy, sy) 7! - apfosu(HR)fl ‘PUu =Ppv

Zty:hom(U,M) ZHR:tU:tyoidU va:tyo(idu osy)=h aSSOC(tv, idy, Su)71 TaAP_osy (HR)71 ‘PU = Ppv

Ztvzhom(UJW) ZHR:tU:tV vaztyo(idu osy)=h assoc(tv, idy, sp) ™" - ap_s, (Hr - Rid(ty)~") = pu =pv

Dby ituo(idy osy)=h 3550¢(tu, idy, sv) ™" - ap_og,, (RIA(ty) ™) ™" - pr = pv

1

Therefore, by Theorem A.0.3, we have our desired equivalence. O



Lemma 3.2.5 (Unique lifting property). For each commuting square

ALX
s L
BT>Y

such that 1 € L and r € R, the type fill(S) of diagonal fillers is contractible.
Proof. Note that we have a commuting diagram
f

pf
A —sr»im(f) —tr> X

! |

B —ss> im(g) —ts> Y
Pg
g

Since factg (7 o f) is contractible, so is its identity type

(im(f>75fvr otf,assoc(r, tfasf) : apro—(pf)) = (lm(g)a Sg O l,tg7aSSOC(tg7Sg,l)71 ' ap—ol(pg) : S)

By Lemma 3.2.4, the type

Lciim(f)~cim(e) 2uHeisyolmcos; 2o Hrwoty=tyoe 2Pt o— (Hr) - a550C(tg, €,57) ™ - ap_oy (HR) ™" - assoc(r, by, 55) - ap,o_ (py) = assoc(ty, 5q,1) ™' - ap_oi(pg) - S

is also contractible. Moreover, we have the chain of equalities shown on the next page.
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1T

25p) 7 ap_g, (HR) ™' - assoc(r,ty, s5) - ap,o_(py) = assoc(ty, s4,1) " - ap_g (pg) - S

Ee.im(/)ﬁclm(g) EHL:sqol:cos, EHn:TOt/:iqoe 3F‘ego—(HE) -+ assoc(ty

32 1:0b(€) Loarhome (A1) Sanshome (1,X) Dopjazoar=F Soby:home (B.1) Sobathome (1Y) Doy ibaoby—g D Hpshyol=idoay Do Hr:roas=baoid doarbr €L Dous bR Pbyo— (Hr) - assoc(by,id,ar) ™! - ap_q,, (Hr) ™" - assoc(r, az,a1) - ap,o_ (py) = assoc(ba, b1, 1) ™" - ap_o/(pg) - S

ZI:Oh(C) P home (A,1) Zag:hnmc(],x) Zp,:a;orn:f 2 home (B,1) Zbg:hnmc(],y) Zp‘,:}ucb‘:q D Hpbyol—ay 2o iroas—bs daarbi €L doasbyeR 3Poso— (L) - apy,o— (Lid(a1)) ™" - assoc(by,id, ar) ™" - ap_qq, (Rid(b2)) - ap_q, (HR) ™" - assoc(r, az, a1) - ap,o_ (py) = assoc(bz, az, 1)~ - ap_o(py) - S

D2 1:0b(C) Dazihome(1,X) Dopyiazo(brol)=F Sobyhome (BuT) Sopyi(roaz)obi—g Sobr €L Soazer Phyo— (Lid(by 0 1) 7! - assoc(ba,id, a1) " - ap_,, (Rid(r 0 ap)) - assoc(r,az, a1) - ap,,_(py) = assoc(bz, by, 1) " - ap_o(py) - S

S 106(€) Lashome (1,X) Sobyshome (BoI) Sopyi(azobn)olmi Sopyiro(asobr)=g Sobel SoazeR BP(roazyo— (Lid(b 0 1)) 71 - assoc(r o az, id, by 0 1)1+ ap_o(, o) (Rid(r 0 az)) - assoc(r, as, by o 1) - ap,.,_ (assoc(az, by, 1) ™ - ap,,_ (ps) = assoc(r o az, b1, 1)1 - ap_ (assoc(r, az, b1)) - ap_oy(py) - S

refl(roag)o (b ot)

Zl:ob(c) Za;:hom;([.x) Z}.l home (B,1) Zp/:(agoh‘)ofzj Z])g ro(azoby)=g Zb,eﬂ Za;en ap_ (assoc(r, az,bl)f' -assoc(r o az, by, 1) - aP(mag)u-('—id(bl o l))il - assoc(r o az, id, by o 1)7l . 3P_g(blc.l)(Rid("' 0 az))-assoc(r,az, by ol) - aPm—(?‘SSOC(G%le))*' P (pf) = ap_oi(pg) - S

Zd:hnmC(B.X) Z Z Z Z Z Z Zp,:(agnb\)ol:[ Zpa;m(a;oh.):g assoc(r, az 0 by, 1) - ap,_(ps) = ap_ci(pg) - S
1:0b(C) az:home (1,X) byzhome (B,1) by €L az€R H:azoby=d

factz e (d)

fill(S)



It follows that fill(S) is contractible. O
Corollary 3.2.6. We have that £L="R and L+ =R

Proof. We just prove that £ = *R as the other case is dual. Let f : hom¢(A, B). By Lemma 3.2.5,
we know that £(f) — LR(f). To prove the reverse implication, suppose that - R(f). Factor f as

(im(f),sf,t,py) and consider the commuting square

A—1 5 im(f)

Fl tid()p;? J
B

34>

Since L R(f), the type fill(Lid(f) -pJIl) is contractible, with center, say, (d H,,, Hyq, K) Now, the

commuting square
LN im(f)

A
sfi reﬂtfoe.f ty

im(f) — B

is contractible and has two diagonal fillers:

(id7 Lid(Sf)7 Rid(tf), . )

(dotf,assoc(d,tf,sf)-apdo_(pf)-Hsf,assoc(tf,d,tf)_1~ap Otf( q) - Lid(ty), )

where w denotes the chain of equalities shown on the next page.
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€l

assoc(tf, doty, Sf) * APt o0— (assoc(d, Ly, sf) . apdof(pf) ’ Hsf)

assoc(tf, do tf7 Sf) : aptfo— (assoc(d, tf7 Sf)) : aptfo((io—)(pf) ) apf,fo—(HSf)

via K

aSSOC(tf, do tfa Sf) : aptfof(assoc(d, tfv Sf)) : aptfo(do—)(pf) : aSSOC(tf, d, f)71 : ap—of(Hid) : le(f) : p;1

ap—o.s'f (assoc(tf, d, tf))_l : aSSOC(tf © d7 tf7 Sf) : aSSOC(tf, d, 7ff o sf) : aptfo(do—) (pf) ! assoc(tf, d7 f)_l : ap—of(Hid) : le(f) : p;I : le(tf o Sf)_l : assoc(id, tf7 Sf)_l : apfosf(l‘id(tf))

ap_,, (assoc(ty, d,ty)) " -assoc(ty o d,ty,5¢) - aP(s 0dpo— (Pf) " @P—_os(Hig) - @Pigo—(py) " - assoc(id, ty, sp) =t - ap_, (Lid(ts))

ap_,, (assoc(ty,d,ty)) " - assoc(ty od, by, 55) - aP_os 05, (Hid) - assoc(id, tf,s7) 7" - ap_q,, (Lid(ty))

ap—OSf (aSSOC(tf, d7 tf))71 : ap(—otf)OSf (Hid) : ap—OSf(Lid(tf))

ap—os_f (assoc(tf, d7 LLf)il : ap—otf (Hid) : le(tf))



It follows that d is an equivalence with inverse ¢y. Thus, d € L. O

Lemma 3.2.7. Let (L, R) be an OFS on the category U of types. Consider a pushout square

If f belongs to L, then so does inr.
Proof. We must prove that for each lifting problem
B—' 5 E
inrl S l’v
with v € R, the type fill(S) is contractible. Note that the type
O = fill(Az. apy(glue(z)) - S(g(x)))
of fillers for the composite diagram

g B t

C E
1 [
AT>AI_ICBT>H

is contractible because f € L. By the induction principle for pushouts, we find that fill(.S) is equivalent
to the type of data

k:A—=FE
Ky : kof~tog
Ky : vok~boinl
K - llapv(Kl(x))=Kz(f(x))-apb(glue(w))-S(g(fO)

This type is exactly @, and thus fill(S) is contractible. O

14



Let L:C — D and R: D — C be 0-functors of wild categories. An adunction L 4 R consists of terms

a H H homp (LA, X) ~ hom¢ (A, RX)
A:0b(C) X:0b(D)

vie I I 10 [ Recath=algon)

A:0b(C) X,Y:0b(D) g:homp (X,Y) h:homp (LA, X)

oo I 11 11 II amof=alhoLy).

Y:0b(D) A,B:0b(C) f:hom¢ (A,B) h:homp (LB,Y)

Note that for each such triple, we also have naturality squares

home (A, RX) 29°= home(A, RY)

Ot_ll Vi(g) la_l

homp (LA, X) T homp(LA,Y)

home (B, RY) —L5 home (A, RY)

a—ll Va(f) lorl

homp(LB,Y) =7 homp(LA,Y)

Here, we have defined

Vilg,h) = nlgoa™'(h)™" - apa-1(Vilg,a™ (1) ™" - aps-1(aprge—(€(h)))

Va(f,h) = na™'(h)o Lf)™" - apg-1 (Va(f,a™ (1) ™" - apy-1(ap_o s (e(h)))

using the half-adjoint equivalence data 1 and € enjoyed by a.

Suppose that (a, V1, V2) : L 4 R. Let f : hom¢(A, B) and g : homp(X,Y). Define

pi Y Y welfmgeus Y Y sef=rger
u:homp (LA, X) v:homp(LB,Y) r:hom¢ (A,RX) s:hom¢ (B,RY)
p(u,v,G) = (a(u), a(v),Va(f,v) - apa(G) - Vi(g,u) ™).
Lemma 3.2.8. The function ¢ is an equivalence, so that

fill(G) = fill(Va(f, v) - apo (@) - Vi(gsu) ™)

for each G:voLf =gou.

15



Proof. Define

P o Z Z vof=Rgou — Z Z soLf=gor

u:home (A,RX) v:home (B,RY") r:homp (LA, X) sthomp(LB,Y)

b0,G) = (a7} (w07 (). Va(f0) -ape 1 (G) - Vilg.w) ")

We claim that 1) is a quasi-inverse (i.e., two-sided inverse) of .
We have that

ap,-1(Va(f,v) - apa(G) - Vi(g,u) ™)

apafl(‘/Z(f/U)) : apofloa(G) : apafl(vl(gvu))il

ap, -1 (Va(f,v)) -n(wo Lf)-G-nlgou)™" -ap,-1(Vi(g,u))™"

Vo (f, a(v))

definitional

n(a=H(a(v)) o Lf)™" - apy-1 (Va(f, a7 (@(0))) 7" - apy-1(ap_o (e(e(v))))

n(aH(e(v)) o Lf)™! - apy-1(ap_o s (apa (1(v))) - Va(f,v) - apy(ap_op s ((v))) ™) ™1 - apy-1(ap_of(e(ax(v))))

n(a 1 (@(v)) 0 LF) ™ - apy-1oa(ap_op s (0(0))) - 31 (Va(f, )" - aPaes (aP_os (aPa (1(0)))) - apy-i (ap_oy(€(a(v)))

ap_or (V) -n(vo Lf)~" -ap,-1(Va(f,v)) ™" - apa-1(ap_op(apa (n(v))) ™" - apa-1(ap_o s (e((v))))

ap—oLf(n(U)) : 7](” ° Lf)il "APq-1 (‘/Q(fv 1)))71

Vi(g, a(u))

definitional

(g oo™ (a()) ™" - ap,-1(Vi(g, o™ (e(w))) ™" - apg-1(ap o (e(a(w)))

n(goa (a(w)) ™" - apa-1(aPrgo—(apa (1)) - Vi(g,u) - ap,(apyo— (1(1))) ™)~ - apy-1(apgo_ (€(a(u))))

apgo_(n(w)) -n(gou)™" -apa-1(Vi(g,u)) ™"
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which implies that

Va(f,a(v)) - apa-1 (Va(f,v) - apo (G) - Vilg, w) ™) - Vilg, alu)) !

Va(f,a(v)) - (apy1 (Va(f,0) (v o Lf) - G -n(gou)™" - ap, 1 (Vi(g,u)) 1) - Vi(g, a(u)) !

(ap_or s (0(©)) -9 o L) - apyr (Va(£,0)) ™) - (Pt (Va(f,0)) - 1i(v 0 L) - G g o w) ™" - apy s (Vilg, ) ™) - (apyo_ (n(w) - n(g 0 w) ™" - apyr (Vilg,u) ™) ™

ap_o;(1(v)) - G - apye_(n(u) ™!
This proves that ¥ o ¢ ~ id. Similarly, p o ~ id. O

Corollary 3.2.9. Suppose that both C and D are univalent bicategories with OFS’s (L£1,R1) and
(L2, Ry2), respectively. The 0-functor R preserves R if and only if L preserves L.

Proof. Suppose that R preserves R. Let f : home(A, B) such that f € £;. Consider a commuting

square

LA - X

u s s

LB —— Y

where g € Ry. By Corollary 3.2.6, if fill(.S) is contractible, then Lf € L. By Lemma 3.2.8, this type
is equivalent to the type of fillers of the square

A a(u) RX

fJ Va(f,v)-ap,(G)-Vi(g,u)~* JRg

B Y
a(v) R

By Corollary 3.2.6 again, this is contractible because Rg € R.

The converse is formally dual. O

3.3 Coslices of U

Let U be a universe and let A : Y. Suppose that X and Y are elements of A/U =", (A — X).
Consider the type

X —=4Y = Z hopry(X) ~ pry(Y)
hipry (X)—pry (V)

of maps from X to Y. In particular, note that

X =1Y = (pri(X),pra(X) (%)) =« (pri(Y), pra(Y)(%))

the type of pointed maps from X to Y.

17



Suppose that g: X —4 Y and h: Y —4 Z. The composite of g and h is the term

hogi= (pri(h) o pri(9), Aa. 3B, o (Pra(9)(@)) - pra(k)(@)) = X 4 Z

This gives us a bicategory A/U, called the coslice of U under A.
Example 3.3.1.

o The coslice 1/U is known as the category of pointed types. We may denote it by U*.

o The coslice 2/U is known as the category of bipointed types.
Proposition 3.3.2. For all X,Y : A/U, we have an equivalence

(X=Y) ~ Z ko pry(X) ~ pro(Y)
zpry (X) —pry (V)

Definition 3.3.3. Let f,g: X —4 Y. An A-homotopy [ ~4 g between f and ¢ is an ordinary
homotopy H : pry(f) ~ pr;(g) together with a path

H(pry(X)(a)) ™t - pro(f)(a) = pra(g)(a)
for each a : A.

Lemma 3.3.4. Forall f,g: X =AY, the function

happly, : (f=9) = (f ~a9)

defined by path induction is an equivalence.

Proof. For each k : pri(X) — pry(Y), the total space

k~g
g:pry (X)—pry(Y)

is contractible because happly is an equivalence by function extensionality. Thus, by Theorem A.0.3,

we just need to observe that

Z pra(f) ~ gp

gp:[ 1., Pri(fopra(X)=pry(Y)

is contractible for all f: X —4 Y. O

Notation. Define (H,p) = happly;‘l(H,p).
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3.4 Diagrams in coslices

Let T be a graph. An A-diagram over T' consists of a family F : Tg — A/U of objects in A/U and a
map F; j o1 F; =4 Fj for all 4,5 : Tg and g : I'1 (¢, 7).

Let F be an A-diagram over I and let C': A/U. A cocone under F on C' consists of a family of maps
i [r, 5 —a C equipped with

o foreach i,j: T and g :T'1(4,7), a homotopy h; j g : pri(r;) o pri(F; j.q) ~ pri(r;)

e for each a: A, a path
hi»jvg(prQ(F’i)(a))il ’ apprl(rj)(prQ(Fi7j7g)(a)) ’ prZ(Tj)(a) = apprl(ri)(a)

Let Coconep(C') denote the type of cocones under F on C.

Lemma 3.4.1. For all (a,p), (B, q) : Coconer(C), we have an an equivalence between the identity

type (aap) ~Coconer (C) (ﬁ7Q) and the type Of data

W [Teraas) ~pra(5)

i:FO

u s [T Wilpra(F) (@)™ - pralas)(a) = pry(Bi)(a)

:I'g a:A
foralli,j:To, g:T1(i,7)

Si(.4,9) = [ Wilpri(Fijg) (@)™ " - pri(pige)(@) - Wilx) = pry(gi,e) ()
@:pry (Fs)

SQ(ivjag) : Hap*71'aPprl(Bj)(prz(Fi,j,g)(a))-prz(Bj)(a) (Sl(ivjvga prZ(Fi)(a’)))71 ’ E(VV? U, Pi,j,g5 (L) = prg(Qi,j,g)(a)
a:A

Here, =(W, u, p; j.g,a) denotes the chain of equalities

(W5 (Pr1 (Fijig) (Pra(F2) (@)~ - pry (P (pra(F3) (@) - Wilpra(Fi)(a))) " - aPyr, s (Pra(Fiojg) (@) - Pra(B;)(a)

Pl(pry (Fij,9)(a), Wi (prz (Fy)(a)))

I
(304, (ol @)) - Wi B3 (0)) " 3By (al(Fog ) (@) ) Py () (ral(E) (@) - Wilpra(F2)(@)) - 3By, 5, (Pra (Fri)(@) - pra(,) )

via u;(a)

I
(3P (Pra(Fi) (@)~ (0ra(35)(a) - ra25)(0) ™) - 3By Pra o) (@) ™) <Py (o) Pra ) @) Walbra(Fi) (@) 3, (o) (@) - pra(5) @)

Pl(pra(Fi j,9)(a)pra(8;)(a),pra(a;)(a),pri(pi,j.q) (Pra(Fi)(a)), Wi(pra (Fi)(a)))

I
Wipra(F3) (@)™ Py (pig.0) (ra(Fi)(@)) ™"~ 3Py ) (Pra(Fr ) (@) - Prafr;) ()

APW, (prg (1) (@)~ 1~ (Pr2(Pij,g) (@)

I
Wi(pry(Fi)(a) ™" - pra(e)(a)

ui(a)

pra(Bi)(a)
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Proof. First, we have an equivalence

(,p) = (B,q) =~ > ] transp® o o aki(funext(Ni. happlyy ' (Hi)), pij.g) = Gijio
HT], ot 0

by Theorem A.0.3. Indeed, the type family
B [[ei~ab
:I'g
pointed by ¢ (reflprl(oﬁ)(m)7 reflprz(ai)(a)) is an identity system on HiTO pri(F;) =4 C as
[Toi~as ~ [Jai=8 ~ a=8
:I'g i
by Lemma 3.3.4. Further, it’s easy to check that the type family
(B:q,H) = ] transp™Fusacki~aks (funext(Xi. happlyy! (H:)), i jg) = disjig
4,3,

is an SNS on

B [[ FijgoKj ~a Ki B [ [ e ~a Bi

i,5,9 :T'o
Thus, it suffices to observe that

Z H Dij,g = Qi

q:Hz‘,j,g Fi j,g0Kj~aK; ©:7:9

is contractible.

Next, note that

EHT]L, aan, LLi g transp Frosoloat (funext(Xi. happly s (H:)), pijg) = Gig
()
12

K= F; jgoKj~aK; ; TR . — s -
WL, prCamon (80 2], T, Woora (o) (@)~ 002 (01,10 (@) W)=y (a05.0) ) i g g EFAMSPET 000 B (funext(Ni (W, i), Pijg) = g

Thus, it suffices to find an equivalence

transp’C Fiao oK a ks (funext(Ni. (Wi, i), pij.g) = digig
R
-1.= .. — .
Wy s (Fog ) ()b (pi ) (@) Wa )=y (a1.5.0) () Lz 3P =Lz o oy () @) () (@) (S (PP (F2) (@))) 71 - E(W,w, pifg, @) = Pra(digig) (@)

ZS:l_[

@ipry (Fy)

for all W : Hi:FO pri(ai) ~ pri(Bi), u : Hi:Fo [Toa Wj(prl(Fi,j,g)(x))_l pri(Pig.g) (@) - Wiz) =
pri(gij.q)(x), 4,5 : To, and g : T'1(4,5). We can do this by generalizing the data of the desired
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equivalence to a form suitable for induction on the identity system

B — Hai ~a B;
itFO
on (Hi:rg F,—4C, a). We claim that for all B : Hi:FO F, =4 C, e: Hi:l"o a; ~4 B, and r :

F; ;40 Kj; ~4 K;, we have an equivalence

transp’C Fiag oKy~ a ki

funext(Xi. funexta(e;)), pij,g) =7
1

ZS:HT.W iy PP (€ (P03 (B ) () 001 (01, (&) ) )=, (1) () [Ta:a aP:l.;.pw](5])(pyg()qv]v,ﬂ(a)).,,rz(BJ)(a)(S(Pl'z(lr'i)(d))V1 “E(i. pro(ei), M. pry(eq), pi g, a) = pra(r)(a)

Now, by path induction on e, we want to find an equivalence

Dij.g =FijgoKj~aK; T
R
L] (i) @160, oy =prs (1)) L 3Py (s (F ) (@) pra ) () (S (PR (Fi) (@) T - ZNAT. el (o) )y AiAG-1€flor, a0) () Pisig @) = PPa(r) (@)

wiory (1) P11

We can use Theorem A.0.3 to find an equivalence

Pijg =T
1
ZS:H (P11 (Pi5.0) (@) 1efla () =pry (1) () IT.a apf’happ,l(%)(pr;(F,,]‘g)(a))-pVQ(a])(a)(S(pr2(Fi)(a’))7l “Rld(pry (pi,j,g) (Pra(£3)(@)))) - Pra(pijg) (@) = pray(r)(a)
@:pry (Fy . v

Thus, it suffices to prove that

Pra(pijg)(a)

3P~ 1.apy, o (pra(Fr s o) (@) pra ) (0) (RIA(PTL (P g) (Pra(Fi) (@) 71 - EQNAZ.reflor, (0 (29, NiA-Teflpr, (04 0) s Piingr @) = Pra(r) (@)
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for all S and a. By unfolding =, this identity becomes

Pri(Pi..g) (Pra(Fi) (@) ™" - aPpr, o) (Pra(Fi i) (@) - Pra(as)(a)
I

By o 3o o o (RIBT (1. Pra (P @)
I
—1
(Pri(pigig) (Pra(F3)(a)) - reflor, (o) oy (F) (@)~ @Ppr, (o) (Pr2(Frj.g) (@) - Pra(a;)(a)

Pl(pra(Fij,g)(a))

I
(3010 (1) @) - 3B, (Pra i) (@) ) -1 () Pral ) (@) vl e ) 3Pony o (PP Fos) (@) - Prafen) @)

pra(Pij.g)(@)s  Pl(pry(ay)(a))

I
((appr‘(a])(prQ(FI,JJI)(Q)) . (prz(a])(a) pra(a )((1) ) apprl(()(_,)<pr2(qu7‘:.{7)(a')>7l) . p"l(ph.%r/)(prQ(Fi)(a')) . reflpn ((n)(prg(Fz)(a))) - . appr‘(aj)(pr‘2<Fl~J,(I)(a)) . P’2(QJ)<G)

P'(p'z(Fz.J,g)(d)-Prz(rn)(‘f‘lr)vpn(p‘,J.g)(Prg(Fz)(a)))
Pri(Pi.j.g) (Pra(Fi) (@) ™" aPpr, o, (Pra(Fi o) (@) - Praas)(a)

pra(pi.j,g)(a)
o |

pry(0)(a)

We want to prove that composing the first four paths of this chain returns the trivial path. To see

this, do iterative path induction on the data

Pra(Fijg)(a) © pri(Fi ) (pra(F3)(a)) =pr, (7)) 1
pro(aj)(a) : pri(e;)(®1) =pr,(C) P2
Pri(pi,jg)(Pra(Fi)(a)) + pri(e;)(pri(Fij,q)(Pra(Fi)(a))) =pr (c) P3

with free endpoints marked by ®. This reduces our goal to

refl refl = refl refl

pri(e)(pri (Fy 5, g) (pr2(Fy)(a))) pri(e)(pri(Fy 5 g) (pra(F5)(a)))

which completes the proof. O

Note 3.4.2.

(a) Let F' and G be A-diagrams over a graph I'. The type of natural transformations from F to G

F=4G = > I[I II Giggoai~aajoF,;y)

a: H pr1 )= apry (Gy) B3 T0 g:T1(4,5)

is

For each C : A/U, we have an evident equivalence Coconep(C) ~ (F =4 constp(C)).

(b) For every graph I" and every U-valued diagram F' over T, recall the (standard) limit of F' [2,

Definition 4.2.7],
limp(F) = Z H H Fijg(xi) =r; x;

.. i,5:T0 g:T1 (4,5
a,AHiTO F; 4,3 T0 g:T1(4,5)
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which is functorial in F'.

Let F' be an A-diagram over a graph I' and let C' : A/U. We have another evident equivalence

Coconep(C) ~ limg.pop (F; =4 C)

4 Colimits

Colimits inside HoTT are interpreted as (internal) colimits over free categories on quivers.

4.1 Colimits in U
The colimit colimp(F') of a diagram F in U over T is the HIT generated by

F, Fijg

t: (i:To) = F; — colimp(F) Kiga

kot (6,5 :T0) (9 : T1(i,5)) = 50 Fijg ~ i
colimp(F)

We have the following induction principle.

E : colimp(F) - U
e : HHE(Ll(x))
:Tg x: F;

g [T TII TItransp®(rij(@),e;(Fisg(x)) = ei(x)

i,j:T0 g:T'1(2,5) ©: F;
U
ind(E,e,q) : H E(z), ind(E,e,q)(ti(x)) =ei(x), i:To, x: F;

z:colimp (F)

pe(q) : H H H apdind(E,e,q) (K‘iJag(x)) = Qi,j,g(ﬂj)

i,j:To g:T'1(4,5) ©: F;
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We also have the following recursion principle.

E : U
e: [[F—E
:Tg

g: [T II Ile&(Figl@)=eia)

1,5:T0 g:T1 (4,5) ©:F;
I
rec(E,e,q) : colimp(F) — E, rec(E, e, q)(ti(z)) =ei(z), i:To, x: F;

Pe(q) : H H H aprec(E,e,q)(HiJ-,g(x)) = Qi,j,g(x)~

1,5:T0 g:T1(4,5) ©:F;
Example 4.1.1.

1. fTo=Nand I't(i,j) = i+ 1 =7, then I is precisely the ordinal w. (We may abuse notation
by referring to w as just N.)

For any type family F': N — U/, we have an equivalence

€: H(mﬂzm%ﬂ%%ﬂzf$ﬁp%%ﬂﬂ>

n,m:N n:N

diagrams over w

G(F) = ne Fn,n-{—l(reﬂn—i-l)

sequential colimit
—_—
along with an equivalence colim(F') > colimeeq(e(F')) for every diagram F over w. Specifically,

construct a quasi-inverse of € by sending each f: [[, .y Fn = Fnt1 to

AnAmg. transp® = Fn =k (g £ ) H (n+1=m)—F,— F,

n,m:N
2. Ty =A{l,r,m} (ie., Fin(3)) and
Fi(m,)=1
i(m,r)=1
I1(i,7) =0  otherwise

then colim(F) is equivalent to the pushout F(I) Up(y) F(r), i.e., the HIT generated by the

functions
o left: F(I) = F(I) Up(m) F(r)
o right: F(r) = F(I) Upn) F(r)
o glue: [T, o (left(Fi(x)(2)) = right(F, 0 (+)(2))).
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3. If 'y is a type and I'1 (¢, 5) = 0 for all ¢, 5 : T'g, then I is called the discrete graph on I'y. In this

case, colimp(F) is equivalent to the coproduct » ;. Fj.

Lemma 4.1.2. Let I' be a graph. Suppose that F is a diagram over I'. Let Z be a type and
hi,hs : colimp(F) — Z. If we have a term

pi(x) : ha(i(x)) = ha(wi(x))
for alli:Ty and x : F; along with a commuting square

apy (Ki,j,q(2))

ha(e;(Fijg(2))) hy(ei(z))
Pj(Fi,j,g(r))ﬂ Hﬁi(r)
ha(tj(Fijg(2))) ha(ti(z))

app, (Ki,j,9(2))

foralli,j:Ty, g:T1(i,7), and x : F;, then hy ~ ha.
Proof. By induction on colimp(F). O

Lemma 4.1.3. Consider a pushout square

c—~2L

B
f glue J{

A4>AI_ICB

Let Z be a type and hy,he : AUc B — Z. If we have terms
1 [ Pa(inl(a)) = ha(inl(a))
a:A
2 ¢+ [ haline(d)) = ha(inr(b))
b:B

along with a commuting square

apy, (glue(<))

ha(inl(f(c))) ha(inr(g(c)))

D1 (f(@)ﬂ sz(g(c))

ha(inl(f(c))) ha(inr(g(c)))

a1, (Elue(c))

of paths in Z for every c: C, then hy ~ hs.

Proof. By pushout induction. O

Note that colimp is a functor from the wild category of diagrams over I' to . In particular, for each
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(a,p) : F = G, the function colim(a, p) : colimp(F) — colimp(G) is the canonical map induced by

the cocone
F Fisa F
OéiJ/ J{O‘j
G Guse el (Az-ap,, (pi g (1) - £E;  (i(2)))
colimp(G)
under F'.

Moreover, the pushout HIT is a functor on spans. For each map (¢, S)

Al f1 Cl g1 Bl

\
¢1J S1 P2 So Y3
4

A2 CQ Bg

g2

of spans, the function po(,S) : Ay U, By — Az Ue, Bs is the canonical map induced by the

commuting square
¢, —r—— B
h inroys (Az. apiy (S1(x)) ™" - gluey (¥2(2)) - apiy, (S2(2)))

Al W A2 |_|C2 BQ

4.2 Colimits in coslices of U

Let A:U. Let T be a graph and F' be an A-diagram over I'. An A-cocone (C,r,p) under F is

colimiting if the function

epr : (C—4T)— Coconep(T)

er(f, fp) = (X (f o pri(ra) Aa.aps (pra(ri) (@) - fy(@)) , ATNAG. (A2 3 (P11 (pri.0) (2)) A0-Opr, 3, (71 0) 3P, 0) (3P, (Pra(Psss) (@) )

is an equivalence for every T': A/U, where O (,, . )(f*,a) has type

ap;(pry (psiig) (Pra(Fi)(a) ™ - @Pfopr, (ry) (P2 (Fijig) (@) - ap(pra(r;)(a) - fp(a)

ap(pry (pjiig) (Pra(Fi)(a)) ™ - @pyr, () (Pra(Fijg) (@) - pra(rj)(a) - fp(a)

and is defined by double path induction on pry(pj,i q)(pro(F;)(a)) and pry(F jq)(a).

Definition 4.2.1 (Forgetful functor). The functor pr; : A/U — U induces a functor F :
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Diag 4(T') — Diag(T") from the category of diagrams in A/U to that of diagrams in U. It also also
induces a functor F : Cocone(F) — Cocone(pr; oF') between categories of cocones for each diagram

F:T — A/U. Specifically, F(r, K) maps a cocone (C,r, K) under F to the cocone

pri(Fij,g)
pri(F3) e pry(£})
pri(Ki,j,g)
pry(r;) pry(r;)
pry(C)

under F(F).

Let A:= (C,m, M) and B = (B, k, K) be A-cocones under F. A morphism A — B consists of terms

[ pri(C) = pri(B)

p [ f(pra(C)(a)) = pra(B)(a)
a:A

d : [ fopri(m:) ~pry(k:)
2:I'g

e : [TTIdi(pra(Fi) (@)™ - apy(pra(mi)(a) - p(a) = pra(ki)(a)

:Tg a:A

U TI I ditpra(Figg)(@) ™ - apy(pry (M) (@) - di(x) = pry(Kijg)(x)

4,5,9 x:pry (Fs)

Vo H HAi,j,g(a) = pry(K;,j,4)(a)

1,7, a:A
where A; ; 4(a) denotes the chain of paths

Pri (Ko .g) (pra(Fi) (@) ™" - @Ppr, 1) (Pra(Fijig) (@) - pra(ky)(a)

via Ui j.g(pra(Fi)(a))

— 1
(dj(pry (Fijig) (Pra(Fi)(a))) " - app(pry (M jig) (Pra(Fi)(a))) - di(pra(Fi)(a)) - @by, (1, (Pra(Fijig) (@) - pra(k;)(a)
||7wm<>énpy naturality of d; at pry(Fi ;. q)(a)

((3Por ) () (@) - Pra ) (@) 3By (PraFrs ) (@)1 0 (prs (M) Pral ) (@) - di(pra( ) ))) 0y, s (Pra(Fig) ) - pra(hy)(a)

via e;(a)

( (3Pt () (@) - (prals ) - (30 (ora(m)(@)) L)) ™) 3B e, oy (Pl i) (@) 1) 33y B (M) ra ) (@))) - i(praF)(@))) ™+ 3B, (Pra(Fr) () - praChy) )

||Pl<w2<n‘7 9)(@),pr (k) (@), (pr () (@) s (M .4 (b (F) (@) e () (@).p(a))
di(pra(F3)(a)) ™" - ap; (pry (M, j,0) (pra(Fi) (@) ™" - 3Ppr, () (Pra(Fijg) (@) - Pra(m;)(a) - pla)

via pry(Ms 5.0) (pra () (a))
di(pra(F;)(a)) ™" - aps(pra(mi)(a)) - p(a)
ei(a)

pra(ki)(a)

It’s easy (albeit tedious) to equip this notion of morphism with a composition operation. Further,
every A-cocone under F' has an identity morphism.

Definition 4.2.2. A morphism ¢ : A — B of A-cocones is an equivalence if pry(A) Prle), pr(B) is
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an equivalence.

Proposition 4.2.3. For each diagram F in AJU, the colimiting cocone under F is unique up to

unique equivalence.

Next, we consider the interaction between colimits and reflective subuniverses of A/U. Let (P, O, n)

be a reflective subuniverse of /. Then the data

Pa(X) = P(pr, (X))
OA(X) = (O(prl(X))anprl(X)Opr2(X))

na(X) = (%a(xwAa-ref'nm(m<pr2<X><a>>)

forms a reflective subuniverse of A/U. Indeed, the two maps

(OaX =24Y) > (X —=4Y)
(f: fo) = (f © pry (x)s f)
(X =4Y) = (OaX —aY)
(9, 9p) = (reco 4 (9), B(9)(pra(X)(a)) - gp(a))

are inverses of each other for all Y satisfying P(pr,(Y")). Here, 8 has type

H reCoa (9) 0 Mpr (X)) ~ 9
g X—=Y

and comes from the fact that n is reflective.
Lemma 4.2.4. Every left adjoint A/U — AJU preserves colimits.

Corollary 4.2.5. The functor Qa : AJU — AJU creates colimits.

4.3 Wedge sums in coslices

Let A :U. Consider the data

Ao = U

Go @ Ag— AU

A1 Ag—=ADNg—=U

G : [ Ailxy) = Go(z) »a Goly).

z,y:Ag
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From this data, we can construct a diagram F' over a graph I' as follows.

—
(=)
|

Ag+1
) = pri(Go(z))
) = A

) = Auz,y)
x)) = 0
)

)

Ty (inl(x),inr
Ty (inr(x),inl(z)) = 1
Iy (inr(*),inr(x)) = 0

-Finl(x),inl(y),’y = prl(vay»’Y)
Enr(*),inl(z),* = prQ(GO(I))

Let (A, G) denote this diagram.

Lemma 4.3.1. Suppose that A is discrete. The coproduct \/ . A G in AJU fits into a commuting

diagram
(lnr(l —),Aa. glue(a, ZT/ \n():{C(A . (inr(x),inl( z))) (tri_\/)
Vyon Go ——=—— colim,.r C(A, G, z)
under A.

Proof. Define

(p,a) : ( Gr> — colim,.r (A, G, z)
T:A

<p(in|(a)) = Linr(*)(a)
@(inr(i,z)) = i) ()
ap,,(glue(a,i)) = Hg(A,G)(i”r(*)7i"'(i)ﬂl)_l'apLin.m(Prz(Ginr(*),inl(i),*)(a)) * tine(x) (@) = tinigay (Pra(Go(i)) (a))

a = )\a.refILim(*)(a).

Conversely, define

¥ ¢ (colimgr (A, G 2)) = \/ G

x:A
V(tine(x) (@) = inl(a)
Y(tini) (2)) = inr(i, z)
apy (K¢(a,e) (inr(%),inl(6), @) = apyur(s, ) (Pra(Gine(ey iy +)(@)) - glue(a, 1)+ ine(i, pry (Gine(ay i) (@) = inl(@).

It is easy to prove that ¢ and 1 are mutual inverses as ordinary functions. By Proposition 3.3.2,
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it follows that ¢ is an equivalence in A/U. Moreover, it is easy to check that the triangle (tri-\/)
commutes in A/U. O

Remark. 1t is not the case that colimg G = colim,.r ((A, G, x) in general. For example, the pointed

colimit of the diagram 1 91 s trivial, but the colimit of the augmented diagram

1
2N
_

1 o 1

equals S'. This situtation may seem different from classical category theory, wherein colimits in
coslice categories can be computed as colimits of augmented diagrams in the underlying category.
Note, however, that the internal augmented diagram may add “composites” that are not interpreted

as composites in the model of HoTT, but rather as unrelated arrows.

4.4 First construction of colimits in coslices

First of all, we record two variants of homotopy naturality, which will be useful for the rest of this

section.

Lemma 4.4.1. Let X and Y be types and let f,g: X — Y. Suppose that H : f ~ g. For all x,y : X
andp:x =y,
apy(p) = H(x)™'-ap;(p) H(y).

Proof. By path induction on p. O

Lemma 4.4.2. Let X be a type and P: X —U. Let f,g:[],.x P(z). Forallz,y: X, p:x =y,

and H : f ~ g, we have a commuting square

apd;(p)
—_

transp” (p, f(z)) f()
ap,, (H(f))ﬂ HH(y)
transp”(p, 9(2)) === 9(v)
Proof. By path induction on p, O

Let A:U. Consider a graph I and a diagram F : ' — A/U over T.
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Define ) : colimp A — colimp(F(F')) as the function induced by the cocone

A da A

ap,; (Pra(Fi,5,6)(a) ™" ki 5,9 (Pra(Fi)(a))

viopry (Fi) vjopry (Fy)
colimp (F(F))

under the constant diagram at A. Then form the pushout square

colimp A —Y— colimp(F(F))

[idA]i:FOJ Jinr

A Pa(F)

We can form a A-cocone on (P (F),inl) under F'

*

pry (F3) pri(F;)
) (1i(a) = gluep, () (ti(a)) ™"

Fiig
(0i,5,9+€,5,9)
(inroe;, 1) (inroe,
Pa(F)

as follows. We have a term

0ij.g = AT.api(Kijg(x)) : infrorjoF; ;4 ~inro,
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Further, for each a : A, we have a chain ¢; ; 4(a) of equalities

AP (Ki g9 (Pra(Fi) (@) ™" - aPinroy, (Pra(Fi jg) (@) - 7j(a)
Pl(pry(Fi,j.9)(a),7;(a))
apine (P, (Pra(Fijig)(a)) ™t - Kijg(Pra(Fi)(a)) ™" - 7j(a) - refliia)
3Papioe (a0, (prz(Fi,j,gﬂa)rl-mi,j,g<pr2<ﬂ-)‘<‘a>>)—1-r]-<a>»—(apapw(P[idA](i%gva))r1
I
apine(aP,, (Pra(Fijg) (@) ™" - i g (Pra(Fi) (@) 1 - (@) - apini(aPpia ) (#ij.g(a)))
ap_.rjm.apin.(apwm,j,g(a»‘)‘<apa,,im<,>4(pw,mw)))—
I
apine(aPy (Ki,5,9(a)) - 75(a) - apsni(aPya 4] (Kij g (a))
Pl(k4,5,6(a),7;(a))
(kijg(a)), (7;(a))
Py (55.0(@)
Ti‘(‘a)

1

It will be convenient to decompose €; ; 4(a) into the following chains of paths:
1. Ev(4,5,9,a), the first path of €; ; 4(a)
2. Es(i,],g,a), the second path of €; ; 4(a)
3. Es(i,7,9,a), the final three paths of €; ; 4(a).

Theorem 4.4.3. Let (T, f7): A/U. The function

erT (PA(F) —A T) — lim;.Top (F‘z A T)

)

err(f,fp) = (N (foinrou,Aa.apy(ri(a)) - (@) , AJAiAG. (A2 39 (51 (2)) A0.Os, ., (17, @) - 3P__ 1 () (@Pap (€1,3,4(0))) ))
s an equivalence.
Proof. We define a quasi-inverse of ep p as follows. Consider a cocone (r, K) : lim;.por (F; =4 T)

Fiv "
F, — R
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under F'. For all i : T’y and a : A, we have that

fr(a)
pry (rs) (pra(Fi(a)))
receotim (F (1, K)) (pra(Fi(a))),

(pra(ri)(a)~")

and for all 4,5 : Ty, g : T'1(4,7), and a : A, we have a chain 7; ; 4(a) of equalities

transp® /7 ([dal(@)=reccoim (F(r KN W (@) (i, . (a), pry(r;)(a)~?)

|
Pl(ki,5,9(a),pra(r;)(a))

anT(aP[idA](Hi,j,g(a)))_l “pra(rj)(a)~" - APrecoim (F(r i) (@Py (K j g (a)))
Il
apapr(ap[idA](,ii,j,g(a)))—l.prQ(rj)(a)fl.aprecco“m(}_(nm)(_>(Pw(1)j79,a))

1]

ap 1. (aPgg ) (Ri.g (a))) 71 - Pra(r3) (@) ™ - @Prec (7)) (P, (Pra(Fijig) (@) 1 - i j g (Pro(F3) (a))

Pl(pry(Fi,j,9)(a))
\
ap .. (3P, (Ki.g (@)™ pro(ri) (@) ™" - apur, (1) (Pra(Fijig) (@) ™" - aPrecey(F(r 1)) (Kivga (P2 (Fi) (@)

2Pap 1 @0 4] (51.,9 (@) L o2 () (@) = Leamgry () (r2(Fi g g) (@)~ L (Preceofion (F (. 5)) (4:3,95Pr2 (Fi) (@)

Kjig)(pra(Fi)(a))

ap 1 (aPfia ] (i g g () 71 - pra(r) () ™1 - @pp, (1) (Pra(Fijig) (@) ™1 - pro
I

Pl(pra(75)(a),aPpry (ry) (Pr2(Fi ) (@) pry (K i,9) (Pra(Fi)(a)))

2o (Pra(F) (@)™ - Py ) (Pra((Foy ) (@) - prafr)(@))

ap . (apjia,) (Kijg(a) - (prl(Kj
) 1 (apapr (—)—1 (P[idA] (4.5,9,a)))

ap
- (P"l(Kj‘i,g)(P'2(Fi)(a))71'3Ppy1(7~j)(P'2(Fi,j,g)(a>)'|7'2(7'j)(a>
1

(or1 (1) (Pral(F2) (@) - 3By 1 (Pral(Fr ) () - pra(r)(a))
\

ap_—1(pra(Kj,i,9)(a))

pra(ri)(a)™!

This gives us a function

[T Fr(lidal (@) = reccoim(F(r, K))(4()) (t)

x:colimp A
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and thus a function h, g : Pa(F) = T

colimp A ———— colimp(F(F))

| |

receolim (F (7, K))

defined by induction on P4 (F). Since h(inl(a)) = fr(a), we have a term
(h,.7K,)\a.ref|fT(a)) : Pa(F) —aT
Observe that
er,r(hr 1, Aa.refly q))

Pry (7'1)

= ()\i. (hT,K oinrou;,apy,, . (Ti(a)) - reﬂfT(a)) S AJAIAG. ()\x.aphnK((Si,j,g(x)L Aa.Os, ;. (BF jcr @) - aPap,  (“)erel, (a)(ei,j,g(a)))) .
N—— K fr

For each i : Ty and a : A, we have a chain P;(a) of equalities

apy, . (1i(a)) - refl . (q)
= aPth(g|Ue7>A(F)(Li(a)))71 (Pl(gluep, (r)(ei(a))))
(pra(ri)(@)™) ™ (ap_1(pn,. (1i(a))))
= pry(ri)(a). (PI(pra(r:)(a)))

Notation. We denote the path Pl(gluep, () (ri(a))) by A;(a).

Moreover, for all j,i: T, g : T'1(4,7), and z : pr{(F;), we have a chain Q; ; 4(2)

apy,, . (0i,5,6(2)) - refln, o Gine(us(2))
= apy, . (@Pinr(Kiyj,g(2))) - reflh, e Ginr(ui(2)))
= APrec gy (F(r,K)) (Kirjg (T)) (Pl(Kij,4(2)))
= pri(Kjig)(@). (Preceaim(F(r. 1)) (4, J5 9, T))
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By Lemma 3.4.1, we must prove that for all j,i: g, g : T'1(¢,7), and a : A,

ap—*lapprl(r])(Pl'r_,(Fivj,q)(a))-prz('rj)(a) (Qi,j,g(prQ(Fi)(a)))71 : E(Pv (aphr.K(ai,j,g(x)L e‘suj,g (h:\,K7 (1) : apapthK(—)-refl_fT(a)(E’i,jsg(a’))> 70’)

pro(Hjig)

To this end, note that

Ai(a) - ap_-1(pn, x (ti(a)))

)~ 1), = -1
transp%’aphr.x(g'“emw)(f) )refl (o a) @)= () (Kig(a), A

(@) - ap_—1(pn, « (1(a))))

3pdaph“K(g|uepA(F)(7)71).yef|fT([‘dA]<7))(Hi,j,g(a))71 . ap"anspz'—necmhm(fﬁ-K))(L‘l‘(l)):fT([‘dA](l'))(K“J‘g(a)’,)(Aj(a) ap_—1(ph, « (4(a)))) - 3Pdn(7)71(’iz,j,g(a))

and that the triangle

transpm»ﬁrecco“m(]—'(T,K))(w(z)):fT([idA](z))(Hid_,g(a),(prQ(rj)(a),l)fl) apd, _y-1(ri,j,4(a))

P'(’“*f‘g‘“”ﬂ ap__1(apd, (i 5,4(a)))

transp? 1 (W) =recean(Z IV (., ), pry 1) (@)

(pro(ri)(a)™) "

commutes, where apd,(k; ;q(a)) = 1 ;4(a) by the induction principle for o. Therefore, after

unfolding =, we want to show that for each a : A, pry(Kj; 4)(a) equals the chain Cz(a), shown on
the next page.
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9¢

pri(Kjig) (pra(F3)(a)) " - appy, (1) (PFa(Fij.g) (@) - Pra(r;)(a)
I

—1
ap_-1 Pory (rj) Pr2(Fi ) (@) prQ(rJ)(a)(Qz.m(sz(Fz>(a)))

I
—1
(aph,,,v.K(Ji,j,57<Pr2(F‘17><a>)) : ref'h,,,,x(inr(m(przm)(a))))) “aPpr, () (Pr2(Fi jig) (@) - pra(r;)(a)

Pl(pra(Fi,j,9)(a)

(30,0 ((Fis ) (@)) 3By ) (013 Fri)(@)) 1) 301, (815 (Pra(F)(@)) - 1€, i) 3By (PP Fiog) () - prary )
Il

a . . -1 . 1 . o (Pi(@)
((3Bpry ;) 72 i, (@) = 9By 1) G2 () (@) 71 ) 9B (B (12 CFD @D 1o (i (g (Fy)(@0))) ) P (g 572 (Fi ) (@) orz () @)

( (3P0 Pras )0 (1)) (301, 50 e10)) )30, 0P )@ ) 30, s 1P 6, i) ) 3o PP )0 -5

PU(pr (Fi,j,0)(@),pra (r5)(0),301,c (75(@)) 1efl 7.0y 31, (82,7, (pra(F2) ()
|

apy, o (81, (Pra(F:) (@) ™" - apyy, () (Pra(Fijig) (@) - @by, (7(a)) - refl . q)
I

@awvg(h;,mﬂ)'apzy,w[((7).rev|fT(a) (€i,5.9(a))
l
aphrvK (Tz(a)) . refIfT(a)
I

3Pdaphrvk (g\uePA(Fv(f)*])-reﬂfT(["‘A](i))

(Kigg(a) ™!

transpereccohm(]:(’f'-K))(U’(w)):f'r([id/x](w))(K,,,-‘],y(a,)_, apy, . ('rj ((1)) . reflfT(a))

et (7 (1K) (@) =17 ([144] @) (., , g(a))i)<AJ (a)-ap_—1(pn,. x(j(a))))

(kig(@)), ((pra(r)(@)™) )
Pl(ki,j,g(a))
(Rig.g(@)), (pra(r)(a) ™)~

ap_—1(ni,j,4(a))

\
(prari)(@)?) !

Pl(pra(r:)(a))

pra(ri)(a)



We can reduce C=(a) to pry(Kj i 4)(a), which appears in 7; ; 4(a), in a bottom-up fashion. This process
iteratively removes the p terms appearing in Cz(a). We refer the reader to the Agda formalization

for the full reduction.

So far, we've defined a right inverse of epr. We next want to prove that this is also a left
inverse. To this end, suppose that (f, fp) : (Pa(F) =4 T) and let Ey = pri(epr(f, fp)) and
E; = pry(err(f, fp)). We want to find terms

h

a: [ f@ =he s«

z:Pa(F)

a : [Jetni(@) ™" fola) = refly, o)
a:A
To construct a, we use Lemma 4.1.3. For each a : A, we have that

f(inl(a))
= fr(a) (fp(a))
h(inl(a)).

Already, we see that once « is constructed, it’ll be easy to derive @ from it. Moreover,

flinr(e;(x))) = E(inr(q(z))),

We also have a chain V; ; () of equalities

transp?/ (M W)I=RG D) (15, 5 o (), refl (e (7o ()

Pl(ki,j,q())

(i jg())

ap ;- (apine (Kij,9(2))) " - ap h o inr
——

recolim (F(E1,E2))

3Pap f (apinr (7,4, g (2))) 1= (Precegiim (F(E1,B2)) (1:3,9,T))

ap (aPin, (Ki g (€)™ - app(apin, (Ki g (2)))
Pl(ki,j,9(x))
refl ¢ (inr(u: (2)))

By induction on colimp(F(F)), this gives us a term

v II  flnr@) = Ainr(2)).

z:colimp (F(F))
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For all i : Ty and a : A, we have the chain R;(a) of equalities

(3P (gluep, ) (14(0))) ™ fy(@)) - 30 (gluep, () (1i(a)

= (apy(gluep, ) (@) - Fy(a)) - (ap (@) - fyla))
(ap(apf(gluepA(F)(Li(a)))fl.fp(a)),_ (p,;(Li (a))))

refl ¢ (inr(u, (pry (7) (a)))) (Pl(gluep , (g (ri(a)), fp(a)))
Y(¥(1i(a))).

Further, for all 4,5 : Ty, g : T'1(4,4), and a : A,

transpl’_‘(apf(g'“e?uﬂ (@)1 fp([idal(@)))-aps (gluep , (2 (2))= f (s ()= Ginr(wr () T (B () (ki jg(a), Rj(a))

apd(apf(glue,;A(F)(—))*1-f,,([idA](—)))-ap;l(gluePA(F)(—)) (Hiijg (a))_l * @Pyranspe £ (inr( (@) =hinr(¥(x))) (Ki,j,9(a),—) (RJ (CL)) . apd'y(w(—)) (Hid?g (a))

We must prove that this chain of equalities equals R;(a). By Lemma 4.4.2, we have a commuting

square

apd, -1 Z))) a5 oy (Risig(a))
(30 e, (1) (=) 71 Fp (4] (=))) 30, (Elvep , (o) (=)
(5i5(@). (29 (8lvep 1) (15(0) " (@) - 2py(@luep iy (15(@) — (3P (&luep, (i) (1s(@)) ™ - fy(a)) - apy (Blue, o (1s(@))
l t
Pz () =) 5, 20, ) P s e (05 @)t - (PR (@) 2P (30 (g (1) (s (@)L Fp (@)
I I

(Ki,g(a)), ((3Pf(g|ue7>A(F)(Lj(a)))_l 'fp(a)) : (apf(T](a>3 : fp(a))il) N (apf(%|“epz4()};)(Li(a)))_l ~fp(a)> . (apf(ri(a)) . ]”1,,(11))71
ap ( Kijg(a

(pp(ei(a)))

ap (e , () (—) 1 fp(fida] () o (=)
Therefore, it suffice to show that

apd(apf(gluePA(F)(—))*1~fp([id4](7))).o(—)(ﬁi,j,y(a))_l APy pansprs £ () =) (s, 5 (a),—) (P 1(8IUER , (7 (¢5(@)), fp(a))) - APy () (Kijg ()

Pl(gluepA(F)(Li(a)), fo(a))

where the two Pl terms refer to those in Rj(a) and R;(a), respectively.
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6€

We have commuting diagrams of paths

Pl(Ki,5,9(a))

(i0(@)), (2P (@luer, (i (13 (@) ™ £y(@)) - (e (@)

d i
2P e, 1y () (] (- () (709 (2)

(305 (@luer, () (16(@) - Fy(@)) - (s la)), (0(05(@)

Pl(i,5,9(a))

ap;(gluep, ;) (¢i(a)) ™" - fp(a) ) - o(ei(a))
ap(apf(glue?A(Fwi(am,l_fp(a))j(apdg(m,j.g(a))) ( ! A(F) P )

(Kijg(@)), (v(¥(15(a))))

2P () (Ki,3,9(a))

apy (ki j,g(a))« (V(¥(5(a))))

Y(¥(wi(a)))

3Pd7(ap¢-(“tv],g(a)))



Note that apd, (k; j4(a)) = 1:,j,4(a) by the induction principle for colimp A. Further,

apd,, (apy (#ij,4(a)))

B y((i(a)) (Pulidig:a)) - apdy(ap, (Pra(Fi ) (@)™ - Rig (Pra(Fi)(a))

refl £ G (pra (Fy) (a))))
ap_*(reﬂf(inr('—j(Prz(Fj)(a)))))(pw(i7j’g’ a)) - Pl(pry(Fi j,4)(a)) - apdfy(’%j,g(prz(Fi)(a)))
where Pl(pry(F; j,4)(a)) has type

(3P, (pra(Fisig) (@)™ - a g (Pra(F)(@))) (it oratrpann) = (g (Pra(E) (@), (1005 (Frg (pra(F) (@))).

Note that apd., (#;j,4(pra(Fi)(a))) = Vi j.g(pra(Fi)(a)) by the induction principle for colimp(F(F)).
Now, let
Yijg(@) = Oxa.ap,,(ri (@) (75 @) AP 1, (a) (aPap, (€i5.9(a)))

For each s : f(inr(v(¢;(a)))) = h(inr(¥(¢;(a)))), consider the chain x(s) of equalities

transp™ £ (nr(¥ (@) =h(inr(i(@) (4, + (a), 5)
HPI(MJ,Q(@),S)
ap ;- (aPine (apy (i g (@) ™1+ 8 APrec gy (F (B, 2)) (3Pys (K g (@)
P P (7 gy (P (00:9:2)))

ap (aPinc (aPy (Ki g (@) ™+ 8+ APrec (11, 2)) (AP, (P2 (Fijg) (@) 7 - i g (Pra(Fi) (a)))

ap...._ (n1(i,4,9,a))

0 (3 (30, (05 (0))) -5 (30 (75(0) - Fy(a)) - (30, (3Piy (5150 (Pra(F) (0)))) - 30 i, (ra(Fis ) ) - 20 (75 a)) - fy(a))

ap..._ (ap(apf(fj(a»fp(a)),f,l (Yij,g(a)))

3D 1 (aPin (3P (Kij,g(@))) 1+ - (ap4(73(0)) - fy(@) - (apy(7ila)) - fp(a) "

—1(p2(i,4,9,a))

----- (a0 s (ri(a)) - Fp(@))

3P (aPinr 3Py (i 5,9 () ™ - 5+ (3P (@Pynr (3P (i (@) - (3P (7i(@)) - fo(@) - refl o)) - (2P (7i@) - @) ™
HP'(ﬂ(a)wfp(fl)a'w],q(a))
ap(apine (apy, (Kijig (@) ™' - s - app(apin (apy (i,4.6(a)))
HPI("'i,J.g(G)»S)

transpz»—>f(inr(@l)(z))):.f(inf(ﬂ’(z)))(Ki,th(a)7 5)
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where 1 (7, 4, 9,a) and us(4, j, g, a) denote the chains of equalities

APreceoim (F(E1,E2)) (a P, (pra (f‘jz',j,g)(a))*1 “Kij.g(Pra(Fi)(a)))

Pl(pry (Fi j,g)(a))

aprecco“m (]:(El, Ez)) 04 (prQ(E,jyg)(a))_l " Preceyim (F(E1,E2)) (Hiwj,g(prQ(F‘i)(a)))

foinrou ;

.g)(aw—l__(Precco“m(}'(El.E2))(ivjvgvpr2(Fi)(a)))
|
apfoinrOLj (pr2(Fl‘7jvg)(a>)71 ' apf(apinr(Hing(pQ(Fi)(a))))

PI(T;(a’)‘,fp(a))
(2P (7(@)) - (@) - (3P (75(@)) - £5(@)) ™"+ 3P foiarer, (Pra(Frj.0) (@) ™1+ a9 (aPine (i (Pra(F2) (@)
I

_(PI(7j(a),fp(a),pra(Fi,j,9)(a),apin (i 5,9 (Pra(Fi)(a)))))
[
-1
(2p(73(@)) - Jy(@)) - (3P (3P (g (Pra(F)(@))) ™+ 3P peier, (PP (Fiig)(0)) - 30 (75(@)) - fy(a) )

a
papfoinro:.j (pra (F; j

P (ap s (mj (@) Fp (@)

apy(7;(a)) - fp(a)
l
apdap,c(gluepA<F><—>*1>-fp<[idA]<—>>("“»m(arl)fl

transpy FGn @ =Ir (A1) (5, 5 (a)~", ap () - fila))

Pl(ﬁi.jvg(a)”T!(a)vfp(a))
ap; (apine(apy (i, (a)))) - (apy(7i) - fp(a)) - apy, (aPpq ) (Kijg(a)) "
apapf<apim(ap¢<~i,j,g<a)>>>»(apf<m|-|fp<u>)»apr(—)*1(”[idA]
Il
ap (apinr(aPy (Kij,g(0)))) - (ap4(7i(a)) - fo(a)) - reflf, ()

(i,5,9,a))

respectively. By Lemma 4.4.1, we have a path

APtranspers f (inr(w (@) =hlinr(w (@) (s, 5 o (a),—) (Pl(gluep, (r)(x5(a)), f(a)))

X((apf(gluem(m(Lj(a)))’l -fp(a)) - (apy(7(a)) - Fo(@) ™ APrranspr SN = (o) (110 (a),—) (PHEIUCP () (£5(@)); F(@))) - X(refl ptine(es (ora () () ™

where Pl(gluep, (r)(2(a)), fp(a)) has type

(apf(gluepA<F>(bj(a)))‘1~fp(a)) (ap(73(a) + £5(0)) " = 1ol pine, oy () ()
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We also have the commuting square

(ap (@luep, () (ti(@)) ! fi(a)) - (apy(il@) - fy(a) "

1
2P an (e 1y o3 (@)1 ) Mirdr9 (@)

ﬂ

(a1 (&lvep, i) (14(a))) ™"+ fy(@)) - transp™ AN =GN 5, (a), (3 (73(0)) - fy(a)) )

Pl(rij,g(a))

Pl(ri,5,9(a))

transp™/ (W@ =/ (r(w(@)) (x, . (a), (ap f(gluep, () (1j(a))) ™

ﬂ

L £(@)) - (ap (@) - fyl@) )

x((2p (gluep , () (15(@)) "1 £ (@) (a0 (7 (a)) - fp (@) )

e transp N RN (5, (), (ap (gl ) (15(a)

L £(@)) - (apy(r (@) - fyl@) )



We’ve now put

apd(apf(gluepA(F)(7))*1~fp([idA](7)))<cr(7)(K/ivj:g(a’))_l.x((apf(gluePA(F)(Lj(a')))_l : fp(a)>-(apf(rj(a)) : fp(a))_l)
into a useful form.

Let’s put X(reflf(im(Lj(pFQ(Fj)(a)))))*l . apdv(w(f))(/ii,j’g(a)) into a useful form as well. Consider the
three chains of equalities

3P (3P (39, (K (0)))) ™1 - (3P (3Pin (3P, (R (0)))) - (3P4 (7i(@)) - Fp(@)) - reflypay) - (3P (7ila)) - (@) ™

o -1
a - ©,7,9,a
p.“.f.(apf(rl(a))fp(a)) 1(u2(id,9,0))

3P 1 (aPine (3P (K9 (0))) 71 - (3P (m5(@)) - Fp(@)) - (apy(Ta(a)) - Fip(@) ™

o -1
ap.. -*(ap(apfu_,(a)yfp(a)) _—1(aP_ g, () (@Pap ; (E3(8,5,9,0)))))

3P (3Pine (3P (5.9 (@))) ™+ (3P4 (75(@)) - £p(@)) - (3P 5 (@Pro (3P (g (@) 71 - 75(a) - refli(ay) - fi(a)

ap (P (2P (Kij.0(a)))) 7+ (ap(75(a)) - £(a)) - (2P (aPin (3P (1,5.9(0))) ™+ 75(0) - reflinia)) - fy(a) ™

ap.. .7(ap(apf<7j(a))_fp(u‘))_771(apf-fp(n,)(apapf (B2(i,j.9,a)))))

20 (3P (304, 35 (0) - (305(70)) - () - (30 appy (30, (2P (@) - g (sl F) @) - 75 (@) - @)
aP.v,.f(aP(apf<TJ(a))‘l.p(a))_7,1 (apf.fp(a)(apzpf (E1(i,,9,0))))) "

20 (3P (3 (511 (0)))) 1+ (30 (75(0)) - () - (30 (3Pt (1P () @)~ 301, (b1 (Fry ) (@) - () - i)

* -1
ap.. .,(ap(apfhj(a))_fp(u))_7,1(9Az.apin,(mz,,.g(m))(f ,a)))

3 (3P (30 (5155 (0)))) ™ - (38 (75 (8) - Fp(0)) - (30, (3Pir (515 (Pra(F) @)+ 3 i, (P Fii) @) - 30 (@) - Fyla))
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3 (3P (30 (5155 (0)))) ™ - (38 (75 (0) - Fy(0)) - (30, (3Pir (15 (Pra(FN @)™+ 3 i, (P2 Fii) @) - 30 (75 (@) - Fyla))

ap...._ (1 (i,4,g,a)) 7"

ap ;(@Pinc(aPy (41,59 (4)))) ™"+ APreceyyn (F(1,52)) (3P, (Pra(Frjg) (@) 71 - i (Pra(F2) ()

ap. (ﬁ]‘a%@))il

e (apapmm“m(}-(E‘l JE2)) (e
an(aPinr(an(Hz‘,jyg(a)))rl : aprec:oﬁm(]:(ElyEzn(apw(ni’j’g(a)))
Pl(ki,j,4(a))

transp® O EN=RTWED) (1, - (a), 1€l or(es (o (P (@)
PI(s1,5,5 (@)

apy(Ki,j.g(a)« (V(¢(15(a))))

B o0 o (o (7 (o)) (P (89:9:))
(3, (pra(Fiig) (@) ™ K (pra(F)(@)))_(refl ey ors 00
PI(pra(Fi,j.) (@)
(Kigg(Pra(Fi)(a))), (v(1; (Fi g (Pra(Fi)(a)))))
PI(ss,5.0 (pra (1) (@)

ap 1 (aPiny (K j.g (Pr2(F3)(a)))) ™! * aPrecyyi (7(B1,22)) (K150 (PP (Fi) (@)

apapf@pinr(’{zﬂ],g(P"Z(Fi,)(a))))_l‘* <p'“coum(]:(51 \Eo)) (4,7,9,pr2 (F3)(a)))
39 (3P (5.0 (PTa (F3)(@)))) ™ - 39 (3Piy (g (p1a(F1) (0))))

We denote these by P (i, J,9,a), P2(i,7,9,a), and Ps(i,j,g,a), respectively. We can show that

Pl(iajvg7a) = PI(Hi,j,g(a)vTj(a)vfp(a’))
P3(iaj7gva) = Pl(prZ(Fi,Lg)(a)vKi,j7g(pr2(Fi)(a))aTj(a)va(i’jvg)a))

and that
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-1 Pl(apy, (Ki,j.9()),75(a), fp(a))

ap;(apinc(apy (ki jg(a)))) " - (apf(Tj(a)) < fpla)) - (apf(aPinr(an(f'ii,j,g(a))f1 -7j(a) - refliay) - fo(a)) refl ¢ inr(u; (pry (i) (a))))

P (i,5,9.a) Pl(si,5,4 (Pra (Fi)(a)))
ap (apin (apy (Ki.j.9(a))) 7 - (ap(7(a)) - fy(a)) - (apf(apim(m,j,g(prz(ﬂ)(a))))’1 “ P foinror, (Pr2(Fijg)(a)) - apy(7s(a)) - fp(a)[1 ap 1 (apin (i j.g (Pra(F:) (@)™ - ap £ (aPine (1.4 (P2 (F3) (a))))

PI(pra(Fi j,g) (@) ki 5,0 (Pra (Fi)(a)),7; (a),py (i,,9,a))

commutes. These three equalities together give us a commuting diagram

Pl ()

transp® (nr(¥ @) =S inr(w () vefl inr (e (pra (Fi) (@)

19(@)s Pefl fGne(es oy (7))
Pl(xi . r,l'l)WHv HP\(». .9 (Pra(Fi)(a)))
ap(aPinr(aPy (g (0))) ™" - 3 (aPinr (a4 (i g (0))) P (P (i, (Pra(F1)()))) "~ ap s (apine (i .o (Pra(F) ()

PI(Ti(a). £ (a) 51,5, (@) Palidg.a)

S @)+ 3B (53 (0) £ (0)) - (38 (3P (5. (PraCF@)) ™ P i, (72 Fi) ) 20 15 (@) - (@)

(aps (@) - fyl) ! ap; (i (2P,

P (apinr (apy, (1,5.9(0)))) ™" - (2P (@Pynr (2P (i (a)))) - (P (7i(a)) - fy(a)) - refip o)

Piligga)

— ~ _

ap(apinr(apy, (11,5.9(0)))) " - (ap (7 (@)) - fy(a)) - (ap(@pin (apy (1 J.q(a)))"iin(ﬂ) - reflii) - f(a)

of paths.



It’s easy to check that the bottom string of paths equals X(reflf(im(bj(prz(pj)(a)))))_l-apdv(w(f)) (Ki,jg(a)),
so that

X(refl o, oy (1) (@) 2Py (o)) (Fijig (@) = Pl(sijg(a))

It follows that

apd(ap,(g|ue,,A(F)(7))—1.fp([;dA](,))).U(,)(fii,j.g(a))’l . aptranspm.umvww))>:H<mr<w<m>>>(H,d_y(a),_)(Pl(gmePA(F)("j(a)% fp(a))) - apdy ) (Kijg(a)

Pl(kijq(a)) - aptranspI’—'f('"'(‘P(I))):f(w(w(r)))(N,,AJ.{,(a),f)(Pl(glue'PA(F)(Lj(a))? Ip(@))) - Pl(ki j,(a))

Pl(kij,g(a))

P|<g|u8p‘4 (F) (L,((l)) fp(a))

as desired.

Corollary 4.4.4. Pointed acyclic types are closed under colim}..!

Proof. Since X is a left adjoint in U*, we have that X(colimp(F)) ~ colim}.n(X(F;)). If each F; is
acyclic, then the second colimit is the colimit of the constant pointed diagram at 1, which is trivial

as the cofiber of the identity function on colimr 1. O
Lemma 4.4.5. For every map h* : T — 4 U, the square

h*o—

(colimF —4 T) (colimF —4 U)
Iim(F —A T) Iim(F —A U)

“m?op(f*o_)
commutes where Iim?op(f* o —) is defined by

(z,R) — ()\iﬁ* 0 Tj, AjAING. (/\ﬂf- apy, (pri(Rj,ig) (7)), Aa.Opr, (g, (A", a) - aPap,L(f).hp(a)(sz(Rj,i,g)(a))D :

We now describe the action of colim# (=) on morphisms. Suppose that F and G are A-diagrams over
I". Consider a morphism ¢ := (d, <£,§~>)

Fij.g

Fy —————— F;
dfl (€i.d.9-8i,5.9) de
G; Tjg) Gj

IRecall that a type is acyclic if its suspension is contractible (see [3]).



from F to G. We have a commuting square

F; G;
LF LG
K3 J/ J/ 7
colimir (F) ——C—O—“—n;j(—&—)—é colimf (@)
r

Indeed, we have a function colimp(F(F)) LN colimp(F(G)) induced by the map

pry(Fi j,g)
pry(F) ——— pri(Fy)
Prl(di) ISEN p'l(dj)

pry(Gi) m’ pri(Gy)

of diagrams over I". Note that for each a : A,

Eijg(a) © &ig.g(Pra(Fi)(a)) ™ 2Py, ., ) (PPa(di) (a))Pra(Gijig)(a) = Py, (a,) (Pra(Fijig) (@) Pra(ds)(a)

Without loss of generality, we may assume that £i7j,g(a) instead has type

€i.a(Pra(Fi)(a)) = apyr (g, ;) (Pra(di)(a)) - pra(Gijg)(a) - Pro(d;)(a) ™" - Py, (4, (PFa(Fijig) (@)

Eij,9(a)
Now, the triangle
colimp A
colimp(F(F)) F colimp(F(G))

commutes by induction on colimp A. Indeed, we have a path

Ci(a)=ap,, (prs(d:)(a))

ti(pri(di) (pro(Fi)(a))) = wi(pra(Gi)(a)) == "a(ui(a))

0(vr(1i(a))) == 8(ui(pra(Fi)(a)))

forall i : T'g and a : A. By Lemma 4.4.1, we have a path

Siga(a) = Kigg(Pri(di)(pra(Fi) (@) ™" 3P, opr, (i, s p) (Pr2(di) (@) - 519 (Pra(Gi)(a) = Ci(a)
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Hence we have a chain v; j 4(a) of equalities

(Fijg(a)), (Cj(a))
[Presssot@. 50

71 Cj(a) - apy, (i (@)

ap;(apy,,. (ki j.9(a)))
aPap(—) C](a).ap,wG(Nl‘]‘g(a))(/h/)p(7’1j1y‘a‘))

ap3(ap,, (Pra(Fijg) (@)~ g (pra(Fi)(0))) ™"+ C(a) - apysg (g0 (a))
HPI(prz(Ff,,J,g(a»

ap; (£ g, (Pra(F3)(@)) ™1+ aP,jopr, (ay) (Pra(Fijig) (@) - Cj(a) - apyy, (Kijg(a))
ap_ 1. (p3(id,9.0r2 (i) (@)))

(3P0, (s (PralF) (@) - s (ors () Pral ) (@))) 30, gy (Pra(Frs)(@)) - () - 30, (@)
)71 . »(g'b.],g(a))

El
P (ome, ()1 ort () o1 (1) (@)
-1

(a0, (B (pra(F) (@) - i pra (i) (pra(F) (@) + 30, o, (2 (Fii)(@)) - (@) - 3py (s )

apaps(ap‘j(pvz(FlyJ.g)(a))f‘ K4 5,g(Pra(Fy)(a)) 1 cj(a),,(pwc(i,j,g,a)))

-1
(aPLj(Ez‘,j,g(a))’ "%,j,g(PH(di)(sz(Fi)(a))D “ AP, opr, () (Pr2(Fijg) (@) - Ci(a) - ap,, (pra(Gijig)(a)) ™" - Kijg(Pra(Gi)(a))
HPl(sz(dz)(a)stz(Gz.J.g)(a)vP"z(dJ)(a)vp"z(Fu.g)('l)#ﬁ.j.g(Pf1(dz)(sz(Fz)(a))))

’fi,j.,g(prl(di)(prZ(Fi)(d>))7l ’ ap/,70pr1(Gl_‘7‘g)(pr2(di)<a)) “Kij,g(Pra(Gi)(a))

Cl(a)

Sijg(a)

for all 4,5 : Tg, g : T'1(4,7), and a : A. This proves that the triangle commutes

We now have a map

A +——— colimp A ——— colimp(F(F))

id[ refl [id] () Jid ct é

A +———— colimp A ——— colimp(F(G))

of spans. This gives us the data

colimf (8) = (U5, Aareflinq)) : Pa(F) =4 Pa(G)

inr(¢s(pry (di)()))
ap%(g'UePA(F)(l’)) = g|Ue7JA(G)($) - ap;n (C 1(“/’))

Us(inr(e;(x))) =
Pws (l‘) :
Corollary 4.4.6. The forgetful functor AJU — U creates colimits over trees.

Proof. Suppose that I' is a tree and let F' be an A-diagram over I'. Then the function
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[ida] : colimr A — A is an equivalence. One can check that

colimp A -, colimp(F(F))

m{ Jo

polida]

is a pushout square. This gives us an equivalence 7 : P4 (F) = colimp(F(F)) such that
Vinr(i(2))) = wi@).
for all i : Ty and « : pry(F;). We also see that
ap, (@Pine (Ki,j,9(%))) = aPsoine(Kijg()) = apig(kijg(2)) = Kije(@)

forall 4,5 : Lo, g : T'1(4,7), and « : pry(F;). This means that v is a morphism of cocones under F(F).

It follows that the forgetful functor preserves colimits over T.

It remains to prove that the forgetful functor reflects colimits over I'. Consider a cocone C

F; j,
F; & F;
(H,K)
Ti T‘j
C

under F' as well as the cocone F(C) = (pry(C), pry or, H) under F(F') obtained by applying the
forgetful functor to C. Suppose that F(C) is colimiting in ¢/. By the universal property of colimits in
A /U, we have a morphism (P4 (F),inl) = C of cocones, which induces a morphism pr, (P4 (F)) ﬂ>
pry(C) of cocones in Y. This morphism is unique by the universal property of colimits. Moreover,
by Proposition 4.2.3, there exists a cocone equivalence from pry(Pa(F')) to pri(C) as both of them
are colimiting. Tt follows that F(7) must be an equivalence. Thus, 7 is a cocone morphism whose
underlying function P4(F) — pry(C) of types is an equivalence. This means that 7 is a cocone

equivalence, so that C is colimiting. O

Question 4.4.7. Let A be a graph and G be an A-diagram over A. If the canonical function
colima (F(G)) — pry(colimA (@) is an equivalence, then is A a tree?

Corollary 4.4.8. IfT" is a tree, then for each X : AJU, the colimit colim? of the constant diagram
at X is X.

Proof. This follows easily from Corollary 2.0.4. O

Note 4.4.9. Thanks to Lemma 3.2.7, we can refine Corollary 4.4.6 as follows. If |T'| is n-connected,

inr

then so is the underlying function of the cocone morphism colimp(F(F)) — P (F) in U. Thus, the
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degree to which F approximates colim? (F) increases linearly with how close I is to a tree.

Next, we verify that our functor colimf‘ is correct by showing that it’s left adjoint to the constant

diagram functor.

Note 4.4.10. Consider the A-cocone K (4)

(X (inr 0 1 0 Pry (), AG. 3By, (Pra(di)(0)) - 7€ () , AjXIAG. (A2 8Py (3P, (€iig (8)) - KE, 4 (PP (di) (@), AaO(e1,1,(0), €10 (0)) ) )
on P4 (G) under F where O(e; j 4(a), & j.4(a)) denotes the chain of equalities

apine(ap,, (1.7, (Pra(F3)(a)) ™1 - 55 4 (pry (di) (pra(F3)(a))) ™" - @Pinros, opr, (a,) (Pr2(Fiojig) (@) - Py, (PPa(dj) (@) - 7 (a)
P o ()1 on G, oy () (@~ (Ei 0 (4))
apin(ap,, (Bijg(a)) ™" - K7 4 (Pra(di) (pra(Fi) (@)™ - aPinror, opr, (dy) (P12 (Fivjig) (@) - @Pinroy, (Pra(dy)(a)) - 7 (a)

via Lemma 4.4.1 applied to x$;  and pry(ds)(a)

apine(ap,, (Bi (@)™ - aP, 0pr, (G0 (PP2(di) (@) - 85 o (Pra(Gi) (@) - ap,, (Pra(di) (@) ™) ™" - @Pinror opr, () (P2 (Fi .g) (@) - @Piaror, (Pr2(ds) () - 77 (a)
PI(prs (Fy,,0)(@) pra(dy) (), pra(di) (a) i (pra(Gi) (@) pra(Gi .0 (@)
Pinror,; (Pr2(di)()) - apin (K55 4 (Pra(Gi)(@))) ™" - aPinrey, (Pra(Gigig) (@) - 7§ (a)

Papiyro,,; (pra(dy) (@)~ (€059 (a))

APijnro, (Pra(di) (@) - 7 (a)
We have a homotopy

A : receoim(F(K(8))) ~ inroé

defined by Lemma 4.1.2 as follows.

reCeotim (F (K (0))) (ti(w)) = inr(ti(pry(di)(@))) = inr(3(ui(x))
P recon (F(1(6))) (B 5. (X)) " - apine (a3 (515 4 (2)))
(2Pinr (3P, (81.3,0 (@) 7+ 5, (PP () (@)))) 3Pyor(@P5 (5.0 (2)
(50 P (7 (R (31 (0992 %)
(3Piar (@, (6150 ()" - 55 (pr1 () (@))))  ~ 3Bie (30, (6110 (2)) ™ - 5 (pra () ()
(via ps(i, 3, 9, ))

= rfline (s (pry (7)1 5.0 (@))) (PU(mi,3.9 (), 15 4 (Pra(di) ()
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Now, let K(8) denote the same cocone with O(e; j.4(a),&i j 4(a)) replaced by the chain

aPine(aP,, (&g (Pra(Fi)(a)) ™ - 56 4 (pry (di) (pra(F7) (@) ™ @Pinror, opr, (ay) (PF2(Fi,jig) (@) - @Pinre, (Pra(d;)(a)) - 7 (a)

ap_—1. (Precogion (F (1 (5))) (153, 95Pr2 (Fi) () ~*

Pinror oprl(dj)(V'Z(Fi.].g)<“)>”"

apreCco\im<]:(K(§)))(K’fiy,_(](prQ(F‘i)(a)))71 * @Pinros;opr, (dj)(prQ(F‘i,j,g)(a)) * APinros (prQ(dj)(a)) : Tyc(a)

via Lemma 4.4.1 applied to A and k] ; (pry(Fi)(a))

refl refl
Aei(pry(F7) () - apine (aps (k1 4 (Pra(F7) (@) ™ - Aty (Fiig (Pra(F2) (@) ™ |+ @Pinvor, opry () (P2 (Fi.g) (@) - @Pinre, (Pra(d;)(a)) - 7§ (a)

PI(r] ;4 (Pra(Fi)(a)))
apine(aPg (K 4 (Pra(F3)(@)))) ™"+ aPinrouopr, (d;) (Pr2 (Fijg) (@) + aPinroy, (Pr2(dj)(a)) - 7§ (a)
(i.3,9.pr2(Fi)(a)))

AP (—) =1 Pinrow opry (d;) (P2 (Fi,j,g) (@) aPinro. <pvz<dj)(a))-*f‘(a)(/'é

apinr(aP,, (Sig.g (Pra(Fi)(0)) ™ - 65 4 (pry (di) (pra(F7)(@))) ™" @Pinror, opr, (ay) (PF2(Fi,jig) (@) - @Pinre, (Pra(dj)(a)) - 7 ()

aPinrou, (Pr2(di)(a)) - TiG(a)

Notice that K(8) = K(d).

We can use Lemma 4.1.3 to find a homotopy

e;lco”mA(G)(I?(cS)) ~4 colimi (8) : colimf(F) — 4 colimi(G).
Indeed, we have that
hz s (inl(@) = inl(a) = colimi: (8)(inl(a))

Additionally, we may reuse A as a homotopy of type

hf(((;) oinr  ~ colimf(8) oinr
—

receoim (F (K (5)))

inrod
because F(K(8)) = F(K (). For each i : Iy and a : A, we have a chain A(i,a) of paths

apn. (gluep () (4i(a))) - refline(ey or, (i) (wr cs@))))

(%)

—1
= (Pinrou; (Pr2(di)(@)) - 77(@)) - refline(u, (or, (o) (o (11 ())))
(¢i(a))))

(ap—"ef'inrui(m<di><wF<Li<u>>>>> (n

K(8)
= gluep, (¢ (ti(a)) - apy,(ap,, (pra(di)(a)) ™) (Pl(gluep,, () (ti(a)), pra(di)(a)))
= aPeoiima (5) (8lUep, (1) (Li(a))) (pws (ti(a)) ™)
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It remains to show that

THapy, (gme‘pA(F)(w))'A(ibF(w)):aP\pé (g|“e7>A(F) (z))
transp K ()

A(i,a)

(Kijg(a), Ald, a))

We have an equality

zap, . (gluep , (p)(2))-A(Yr(z))=apy, (gluep , () (2))
transp K(9)

apdaph~< )(g|uepA<F>(f))-A(wp(—))(Ki,j,g(a))71 . aptranspm—»mw([-m](m))zmr(ti'(wF(w)))(,iiyj’g(a),ﬂ(A(jv a)) - apdap\ps(gluepr(F)(f))(Hivj,g(a))
K(§

(ki jg(a), A4, a))

along with commuting diagrams shown on the next page, where o was defined at (7).
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€9

apd,,, (@lvep , (7y(—)) A (—) (Fijg(a)
K(5)

(Ki,9(a)), (aPh;( (gluep,, () (4(a))) - refline(u, (or, (d,) (8 (e (@))))) 3Ph;( (gluep , (p)(ti(@))) - reflin(u, or, (di) (w(0s (a))))

8) 8)

P (i g (), Pt oo () (00 (@) (p"'Zm (@) AP el (1 oy () (3 (2 (@))))) (p’?w ()

v Y

. .
(Kij.g(a)), ((apimo,,, (pra(dj)(a)) - TjG(a)) - 1efline(u; (pry () (915 (@)))))) (aPinror, (Pra(di)(@)) - 7E(a)) ™ - reflinr(uy (or, (i) (w(0s (a)))))

aPdy (). A g () (Fing ()

P el (apd, (ki j,9(a)))

inr(eg (pri(dq) (¥ (e (a)))))

N1
(Kiyjg(a)), ((apinro”(pr’z(dj)(a)) : T_;G(a)) )+ refline(u, (pry (o) (0s ()))))

&‘Pdap\l,’S (e, (7 (=) (Ki,j.q(a))

(Kij.g(a), (apy, (gluep, () (¢;(a)))) apy,, (gluep,, () (1:(a)))

W, 5 4 (0), P5(5(@)) pwg (ti(a))

gluep, () (¢i(a) - apinc(ap,, (Pra(di)(a)) )

(i jg(a)), (luep, ) (ti(a) - apin(ap,, (pra(d;)(a) ™))

P duer, |y (—)-apim (1 (=) (Fiodng (0))

Pl(ri,j,q(a)) e, | () (i () apie (=1 (3Pde (K15, (@)))

gluep,, () (ti(a) - apin, (ki 5o (a)), (ap,, (Pra(d;)(a))) ")



These two commuting diagrams are due in part to Lemma 4.4.2. We have that
apd, (Kijg(a)) = nijg(a) (ps(i,,9,a))
apdc(ﬁli’j,g(a)) = 7i,j,g(a) (pc(iajmg?a‘))
Thus, it suffices to prove that the diagram
Piglues , () (14(a)) pra(di)(@))

1 _
(aPinror, (Pra(di)(@)) - 7€(a)) ™ - refline(us (or, (d:) (w(s (@) gluep, () (ti(a)) - apin (ap,, (pra(di)(a)) ™)

1
el oy () (s () (T (@) H

apg\ue/PA<G) (1 (a))-apir(— -1y(Yi.5.9(a))

(Kijg(a)), <<3P.nr0L,(Pr2( ) refline(us (pry (di) (14 (a))))) gluep,, () (¢i(a)) - apine((#i,5.9(a)), (ap,, (Pra(d;)(a))) ")

Pl(ki,j,9(a)) Pl(ri,j,9(a))

.7
—1
(Ki,j.9(a)), ((aPinmJ(sz(dj)(a)) : ch(ﬂ)) refline(u, (or, (4) (0 (0)) . (Kijg(a)), (gluep, (g (4i(a)) - apinc(ap,, (pra(d;)(a)) 1))
B, AN Gy PUEWER () (1(@) () (@)))

commutes. We leave the proof, which resembles the proof of Theorem 4.4.3, to the Agda formalization.

Definition 4.4.11. Define lim(—o06) : lim(G =4 T) — lim(F —4 T) by

(@ (R, Ra)) > (N (pry(20) © Pra (di), A 3Per, 1) (Pra(di) (@) - prai) (@) ) s ANING. (A2 30y, 0y (Eisa ()™ B 9, 911 () (@), A Vi, s G 9, ) ) )

where V; g, r,(4,1,9,a) denotes the chain of equalities

(appn(lﬁ/)(51.7,!}(pr2<F‘1)<a)))71'Rl(jsiﬁgvprl(dl)(prQ(E)(a)))) " @Ppr, (2 yopr, () (P12 (Fivig) () - @Ppr, o) (PP2(d;) (@) - pra(aj)(a)
|

PICR: (59,61, (40) (s (F2) (@))):Bpe o) (o (ra(F) (@))))
I

R (3.4, pry (i) (pra(Fi) (@) ™ - @Pgr, ) (8.0 (PP (F3)(0))) * @Ppr, ) 0pr, () (P2 (Fi0)(@)) - P, ) (P2 (d;) (@) - pra(5) ()
I

PR 5kt (45) (2 (1) (@0)) 3y 3 () 3800y ) yopry (o) 572 (P, (@) 90, (3 (2 () Ca) pra () (@) (81059 (@)

I
Ra (5,1, 9, pry(di) (pra(F3) (@) ™"+ @Ppr, (2, (Fivjg (@) @Ppr, (2 yopr, (a) (P2 (Fi.9) (@) - @Ppr, (0 (Pra(d;) (@) - pra(z;)(a)

via Lemma 4.4.1 applied to R1 and pry(d;)(a)

I
(appn(l (pra(d )(a))'Rl(j7i~g~,prz(Gf)(a))’l'apprl(a;,)(appn(cu9)(Pr2(dz)(a)))’l)-apprm])(Ef.j,g(a)) Ppr, (2 )opr, (d) (Pr2(Fij.9) (@) - aPgr, (o) (Pra(d;) (@) - pra(;) (@)

PPy, o) (P (40) (@) 3Bgr (G, (Pr2(di)(0)).Pra (G ) (@) 02 () (0).ra (B, ) (). B (3:.9.0r3(G) (@) ™)
[
Py, (0) (Pra(di) (@) - Ri (4,3, 9, Pra(Gi) (@) ™" - @y, (s, (Pra(Gijig) (@) - pra(w;)(a)
I

Papyey () (12 () (@) (R2(3:1,9,a))

[
aPpr, (¢,) (Pra(di)(a)) - pra(w:)(a)
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Lemma 4.4.12. The square

—ocolimf (6)

(colim(G) -4 T) (colim(F) -4 T)

EG,TJ JEF,T

||m(G —A T) W ||m(F —A T)
To

commutes.

Proof. For each f*: colim(G) —4 T, note that

err(f*o e;’lconm(G)(K((S)))
= “mléop (f* ° _)(eF,coIim(G)(e}_?io|im(c) (K(d)))) (Lemma 445)
= limfon (f* 0 =) (K(3)).

Thus, it suffices to prove that
limfon (f* 0 =) (K(6)) = limfon(— o 8)(ec,r(f*))

We leave such a proof, which is messy yet routine, to the Agda formalization. O
Corollary 4.4.13. We have an adjunction colimf4 -1 constr, where constr denotes the constant

diagram functor A/U — Diag4(T).

4.5 Second construction of colimits in coslices

In this section, we apply the 3 x 3 lemma to our first construction of colim{t (F') to obtain the familiar

construction of colimi(F) as a pushout of coproducts in A/U.

To begin, consider the following grid of commuting squares:

2(1,1'-9)‘2“‘))%”0 ry(ig) Pri(F) e (Z(i.].g);z\w roxrg [169) Prl(Fi)> + (Z(;,j,g)’Z(L))r(yxro T4 (i) p’l(Fl)) S Do), i, Pri(Fi)
(3,4,9,Pr2 (Fi)(a)) refl(; g (F @) T (g () @) (4,4,9,pr2 (Fi)(a)) TT (i,4:9,pr2(Fi)(a)) refl (i pey (7 ) (@) T PG,y (Pr2(Fig)(a) }hm(ﬂ)(ﬂ))
(Sproxrs T1(0:9) x 4 o+ i (S ugpronry T2 )) % A) + ((Zgpronr, T1lis)) x 4) (i) + Gia) ——— To x A
pr{ refly + refly pry +‘ pry refly + refly JPU
A ;Ll A

ida ida

Call the pushouts of the left, middle, and right vertical spans V7, V5, and V3, respectively. Call the
pushouts of the top, middle, and bottom horizontal spans H;, Hs, and Hs, respectively. We can
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form two additional pushouts

Vo =25V Hy —" H,
o] o]
Vi— Py H3 —— Py

where
e 471 denotes the function induced by the middle-to-left map of spans;
e J5 the function induced by the middle-to-right map of spans;
e 1 the function induced by the middle-to-top map of spans; and
e 1 the function induced by the middle-to-bottom map of spans.

Licata and Brunerie construct an equivalence 71 : Py — Py of types by double induction on pushouts

[6, Section VII], which satisfies, in particular,

71(inl(inl(a))) = inl(inl(a))

71(inr(inr(é,2))) = inr(inr(s, z)).

Lemma 4.5.1. We have an equivalence

£ V= \/P"l(Fi) v \/Prl(Fz‘)

4,5,9 4,7,9

Proof. Define ¢ by recursion on the commuting square

((Ewwwuxru Fl(iﬁJ')) x A) + ((Ew.n:roxru Fl(ivﬂ) X A) —_— (Z<’<-7’=ﬂ>=2<,,]>.roxru T4 (i) ”rl(Fl)> + (Z<z<.f,.<z>:zm)‘rom T4 (i) Prl(Fl))

apm\(glue\/l ; oy (1)) (B0:9:0) + gluevvv(a)-apm.(g‘uevl ) gprl(m)(zmg,a) inloinr + inroinr

A (\/z,j.g P"1<Fi>) v (VLJg P'l(Fi))

a—inl(inl(a))
Define a quasi-inverse £ of ¢ by recursion on \V/ V'V with the commuting square

A — ’ viyj,g pry ()

J{ rEfIinl(a) J/EQ

VijgPri(Fi) ———— Ve
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Here, ¢; and €5 are induced by the commuting squares

(Z(mzroxro Fl(i»j)) XA ——= 3593 riGg) P ()

(i,5):TgxTg
(i,j,g,a)Hgluevz (inl(i,j,g,a)) tv—)inr(inl(t))
A a—inl(a) V2

(E(m‘):roxro Fl(i,j)) XA ——— 250y, N SICX) pr (£3)

(i7j>g:a)’_>g|uev2 (inr(i,j,g,a)) t»—>inr(inr(t))

A Va

a—inl(a)

respectively. By induction on V3, we prove that £ o & ~ idy,. We have that

£(&(inl(a))) = &(inl(inl(a)))
= €1 (inl(a))
inl(a)

&(&(inr(inl(i, 5, g, )))) = &(inl(inr (i, j, g, x)))
El(inr(ivjvgv {E))

= inr(inl(i, 7, 9, z))
E(&(inr(inr(i, j, 9,2)))) = E(inr(inr (i, 5, g, 7))

= ex(inr(i, 4,9, ))

=inr(inr(i, 7,9, x))
transpmHé(ﬁ(m)):w(glueVQ(inl(i,j,g7a)), reflinia)) = apg(apg(glue(inl(i,j,g, a)))) "' - glue(inl(i, 5, g, a))

= glue(inl(i, 4, g,a)) " - glue(inl(i, 4, g, a))

= refline(ini(i..9.pr, () (@)))
transp‘”Hf(E(:‘”)):”(gluevz(inr(i,j,g,a)), reflinia)) = apg(apg(glue(inr(Lj,g, a)))) ! - glue(inr(i, j, g, a))

= glue(inr(4, 5, 9,a)) " - glue(inr(i, , 9, a))

= reflincinr(i,j,g,0r, (F:)(a)))
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Conversely, we get a homotopy & o £ ~ idv vy from induction on \/ V'\/ as follows.

£(E(inl(inr(i, j, g, )))) = &(inr(inl(i, j, g, )
=inl(inr(i, 4, g, x))
£(£(inl(inl()))) = &(inl(a))
= inl(inl(a))
transp<CEND gluey, (i, g.0),refley) = aPe(@p o (glueli .,))) - apy(elue(i 9, )
,7,9
= apg(gluevz(inl(i,j,g, a)))~t- apin (glue(i, 4, g, a))
(ap—l -ap;y (glue(4,5,9,a)) (apapg (pe1 (7’7 j7 9, a))))
= apinl(glue(ia j, 9, a))71 ' apinl(glue(i7j7 g9, a))
(apfl-apin‘(glue(i,j,g,a))(pE(inl(ihj?gﬂ a’))))
= reflinc(ini(i.j.g.pr> (Fi) (@)
EE(inr(inr(i, j, g, 2)))) = E(inr(inr(i, j, 9, 7))
=inr(inr(7,7,9,))
¢(&(inr(inl(a)))) = &(inl(a))
= inl(inl(a))
= inr(inl(a)) (gluevvv(a))
transpx'_)g(é(i"r(m))):i"r(z)(glue\/v v prl(Fi)(i’jvg’ a),glue(a)) = apé(apgo inr(glue(i.,j,g, a)))~! - glue(a) - ap;,, (glue(i, 4, g, a))
,7,9 \l/—/
= apg(glueVQ(inr(i7j7gv a)))71 ) glue(a) : apinr(glue(i’j’ 9, a))
(ap71 -glue(a)-ap;,, (glue(z,5,9,a)) (apapg (pez (ia Js 9, a’))))
= (glue(a) - ap;,,(glue(s, j, g, a))Y1 - glue(a) - ap;, (glue(i, 4, g,a))
(ap—l.glue(a)~apim(g|ue(i,j,g,a))(pﬁ(inl(ivjaga a))))
= reflinrinr(i.j.9.prs (F1)(a)))
transp™ 7 ¢CD= (gluey s\ /(). reflnina))) = apg (apg(glue(a))) " - glue(a)
= reflini(ini(a)) - glue(a)
= glue(a)

O

Now, define o : (Vm',g prl(Fi)> \Y% (Vi,j,g pry (FZ)> — \/, pri(F;) by double induction on pushouts
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through the commuting square

A ——V, ,mi(F)

l reflini(a) lag

\/i,j,g pry(F3) o 7 V. pri(F;)

Here, a; and as are induced by the commuting squares
(Zegyronr, T10:3)) x A ——— 220,505 o ery Trti) PP ED)
glue\/‘ Pf1(Fi)(i’a) inr(i,z)

A Vi pri(Fi)

a—inl(a)

(Z(i,j):FDXFO Fl(i;j)> XA ——m— Z(i’j’g):z(i,j%l“oxl“o I'1(i,5) pr(F7)
BN/ ey oy 0 3Pty ) (P2 (Figua) @)™ ine(G,pry (.0 ()

A Vi pri(F3)

arinl(a)

respectively. We have a map

51 62

Vi Va

ng

Vijg P (F) —qoq— (\/i,j,g PH(Fi)) Vv (\/i,j,g PH(Fz‘)) ——— V,pri(F)

Vs
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of spans. Indeed, we have homotopies

(id Vid) (£(inl(a))) = inl(a)
= d1(inl(a))
(id vid) (¢(inr(inl(i, j, g, 2)))) = inr(i, j, g, )
= &, (inr(inl(4, §, g, )))
(id Vid) ((inr(inr(i, j, g, 7)) = ine(i, j, g, @)
= 41 (inr(inr(4, 5, 9, 2)))
transp” ™ (4VIDE@I=0100) (glue,, (inl(i, j, 9)), reflinia)) = aPigy ia(ape (glue(inl(i, ,9)))) " - aps, (glue(inl(4, 4, 9)))

= 3P(id v id) o inl (8lue(i. j, 9,)) " - glue(i, j, g,a)
= reﬂinr(i,j,g,Prg(Fi)(a))
transp® (id Vid) (€(2))=01(=) (gluey, (inr(i, j, 9)), reflini(a)) = apig v ia(ap¢ (glue(inr (i, j, 9))"" - aps, (glue(inr(i, j. 9))
=aP(iq v id) o inr(81Ue(i, j, 9,)) " - glue(i, j, g, a)
id
= reﬂinr(i,j,g,prz(Fi)(a))
o(€(inl(a))) = inl(a)
= da(inl(a))
a({(inr(inl(@j;% 17)))) = U(inl(inr(i,j,g,x)))
= ozl(inr(i,,ﬁg,x))
= inr(i, )
= do(inr(inl(4, 4, g, x)))
J(E(inr(inr(i,j,ga ‘T)))) = U(inr(inr(i,j,g,x)))
= 012(inr(iaj7g7x))
= inr(j, pry (Fi j,q)(2))
= do(inr(inr(i, 4,9, x)))
transpwHU(ﬁ(w)):@(w)(glueV2 (inl(, 4, 9)), reflinia)) = apg(apg(glue(inl(i,j7 g))))*l - aps, (glue(inl(7, 4, 9)))
= ap; o in|(8lue(i, j, g, a))~" - glue(i, a)
~——

M
= glue(i,a)™" - glue(i, a)
= reflinr(i,pry (7)(a))

transp” 7 (£()=22() (gluey, (inr (i, j, 9)), reflina)) = ap, (ap¢ (glue(inr(i, j, 9)))) " - aps, (glue(inr(i, j, )))
= apw(glue(iwma))‘l -glue(j, a) - apin,(ap(;, - (Pra(Fi j.g)(a)))
= (glue(7.0) - 3Py (Pra (i )())) - gl ) - apy (apgs - (PralFis ) )

= refline(j,or, (7)) (a))
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This induces an equivalence 75 : Py = PW of pushouts.
Lemma 4.5.2. We have an equivalence

colimp A —%—— colimp(F(F))

wol: :l (%)

H2 Hl

between ¥ and 1.

Proof. Define wy and wy by the following cocones under A and F(F'), respectively.

A ida A

glueg, (inr(4,5.9,a)) ™" -gluegy, (inl(4,,9,a))

H,

pry(Fi,j,q)

pry(F}) pri(£;)

glueg, (inr(i,j7g,:yv))_1-glueH1 (inl(2,7,9,x))

H,

To see that the square (x) commutes, proceed by induction on colimp A. Note that

m (wo(vi(a)))
m(inr(i,a))

= inr(i, pry(£3)(a))
1(Li(pra(Fi)(a)))
(

(
1(¥(ei(a)))

|
g

If
g
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and

transp® 7 (wo(@))=wi (¥ () (

apy, (apwo (Kijg (a)))71 * APy, (apy (ki jg(a)))

ap,, (glue(inl(i, j, 9, )~ - ap,, (glue(inr(i, 5, 9. a))) - aPu o, (PFa(Fijig) (@) 7" - 2Py, (5i5.4 (Pra(F)(2))

glueyy, (inl(i. j. g, pra(F3)(a)) ™" - glueyy, (inr (i, j, g, pra(Fi)(0))) - @Pine(s,—) (Pra(Fij.9)(a)) - @Pine(s,— (Pra(Fijig) (@) 7 - gluey, (inr(i, j, g, pry(Fi)(0))) ™" - gluey, (inl(i, j, g, pry(Fi) (a)))

Kij9(); eflinr(pry (7 ()))

reflinei.pry (F)(a)

Next, define quasi-inverses yo and y; of wg and wy, respectively, by recursion on puhsouts:

((Z(i,j):FuxFo Fl(i7.7')> X A) + ((Z(i,]’):FUXFU Fl(ivj)) X A) Fox A

|

(Z@J)Tn xTg Fl (L])) x A

Kigyg (0) + refl, (o () a)) (i,a)—ei(pry(Fi)(a))

i,5,9,a)—ti(pry(Fy)(a
(ir3,9,a) = (Pr2(Fj)(a) colimp A

<Z(i’j’g>zz(i<]):rano Fl(i’j) prl (FZ)) + (Z(i’j’w:z(iy.ﬂ:roxro Fl(i’j) prl (FZ)> - Zi:l—‘n prl (E)

J Ki,jg(x) + refl; (7 5 g (2)) (i,2)—>ei(z)

i

Z(i,j,y):z(m:rnxro T (i) Pr(F3) H,

oy

colimp(F(F))

(3:3,9,2) 5 (Pr1 (Fi 5,9) (2))
On the one hand,

y1(wi(ei())) = ya(inr(i, 2)) = vi(x)
transpz'ﬂ“(“’1(Z)):Z(nmm(m)7 refILj(prl(Fi‘j,g)(a,))) = ap,, (apwl(/%,j,g(x)))*1 C K jg(2)
= ap,, (gluey, (inr(i, j, g,x)) ™" - gluey, (inl(i, j, g,2))) ™" - ki 5,(x)
= Kijgg(®) 7 Kig(2)

= refILi(m).
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On the other hand,

wi (1 (inl(i, j, g, %)) = wi (e (pry (Fijg) (2)))
inr(4, pry(Fij.g)(2))
=inl(4, 35,9, ) (glueg, (inr(i, 4, 9,2)) ")
wi (y1(inr(z, ) = wi(ei(z)) = inr(i, z)

transp™ 11 ()==(gluey, (inl(i, j, g, x)), gluey, (inr(i, 5, g, 2)) ~') = apy,, (apy, (gluey, (inl(i, , 9,2)))) " - gluey, (inr(i, j, g, x)) " - gluey, (inl(i, j, g, x))

= apy, (Kij,g(2)) 7" - gluey, (inr(i, j, g, 2)) 7" - gluey, (inl(3, 5, g, ))
= (gluey, (inr(i, 5, g,2)) ™" - gluey, (inl(i, j, g, 7))~ - gluey, (inr(i, j, g,2)) ™" - glueg, (inl(i, 5. 9, 7))
= reflim(m)

transp* (1 (D)= (glueyy (inr(i, j, g, %)), gluey, (inr(4, 5, g, ) ™1) = ap,, (apy, (gluey, (inr(i, j, g,2)))) " - gluey, (inr(i, j, g, 2)) ' - gluey, (inr(i, j, g, z))
= apy,, (refl, (or, (1 o)(@)) " - Blueg, (inr(i, j, g, 2)) " - gluey, (inr(4, j, g, 2))

= refl,n,(J pri(Fi,j,g)(x))"
Likewise, we find that yo o wo ~ idcolimp 4 and wo o yo ~ id g, . -

The map (%) fits into an equivalence

Al colimp A —r colimp(F(F))
inl |~ glueHs(a)_l wo |~ ~ (w1
Hs 2 H> m H

of spans, which gives us an equivalence 7y : coIimI’i‘ F — Py of pushouts.

Corollary 4.5.3. We have an equivalence T : coIimI’i1 F = PW such that

Tr(inl(a)) = inl(inl(a))
Tr(inr(e;(x))) = inr(inr (3, z)).

Proof. Take Tr := 79 0 T1 0 7. O
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5 Universality of colimits

Let A:U. Let T be a graph and F be an A-diagram over I'. We say that colimi(F) is universal, or
pullback-stable, if for every pullback square

colimP(F) xy Y —25 Y

ml - lh (pb)

colimf (F) — Vv

in A/U, the canonical map
opn ¢ colimip(Fi xv Y) =4 colimft (F) xy Y

is an equivalence.
Lemma 5.0.1. The forgetful functor F : AJU — A preserves limits.

Proof. The functor F is right adjoint to the functor X +— X + A, so it preserves limits. O

Theorem 5.0.2. All colimits in U are universal.
We have formalized Theorem 5.0.2 in Agda.
Corollary 5.0.3. For each tree I' and each A-diagram F over I', the colimit colim?(F) is universal.

Proof. Suppose that T and consider the pullback square (pb). By Corollary 4.4.6 combined with
Theorem 5.0.2, the function

prl(colimfF(Fi xy Y)) M prl(colimfl(F)) X pr, (V) pry(Y)

is an equivalence. The codomain is in this form because F preserves pullbacks by Lemma 5.0.1. It

follows that o j is an equivalence. O

Note 5.0.4. We can construct pullbacks in A/U as follows. Consider a cospan S

Y
|s
XT>Z

in A/U and form the standard pullback

pr(X) Xpr, iy P (V) == Y > pr(f)@) = pri(9)(y)

@:pry (X) yipry (V)

of F(S) in U [2, Definition 4.1.1]. Define puy 4 : A — pry(X) X, (z) pri(Y) by
a = (pro(X)(a), pra(Y)(a), pra(f)(a) - pra(g)(a) )
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Now we have a cone

(o]
(7ry,refly)
(Pri(X) Xpry(z) Pri(Y)s piy,g) ———> Y
(sq)
(ﬂ'gp,refly)J( ((z,y,p)—p,Hp) g
X A4

f

over S where H,(a) denotes the evident path (pry(f)(a) - pr2(g)(a)_1)_1 -pro(f)(a) = pry(g)(a) for
each a : A. We have used 7 to denote field projection for a X-type. We claim that (sq) is a pullback

square, i.e., the function

(Sq ° _) : ((Ta fT) —A (P) - COHG((T, fT);fv g)

is an equivalence for each (T, fr) : A/U. Indeed, for all K := (ky, k2, (g, Q)) : Cone((T, fr); f,g), the
fiber fib(sqo—)(K) is equivalent to the type of data

dp : dofr~pfy

d: T— pr1(X) Xpry (Z) prl(Y) Hy th(fT(a))_l . apﬂ—z(dp(a)) _ Prg(lﬁ)(a)
a:A

hl L Tg O dn~ prl(kl)

hy : myod~ pry(ks) Hy : l_Ihz(fT(a))_1 -apy, (dp(a)) = pra(k2)(a)

7t [ 2Per, () (1 (1) - a(t) - apyy, () (h2(t) ™ = m,p(d(t)) .
t:T

v H@(T,dp,Hl,H27a):Q(a)
a:A

where O(7,d,, H1, Hz,a) denotes the chain of paths

a(fr() ™" - apyr, () (Pra(k1)(a) - pro(f)(a)
via 7(fr(a))
APy, (g (h2(fr(a)) ™" - mp(d(F1(a))) ™" - aPpr, () (h1 (f1(a))) - aPr, () (Pra (k1) (a) - Pro(f)(a)

via Hy(a) and Hs(a)

apy, () (Pra(k2) (@) - apy, (dp(a)) 1) - mp(d(fr(a)) ™" - aPyr, (1) (P, (dp(a)) - pra(ka) (@) ™) - @y, 1) (Pra(ki) (@) - pra(f)(a)

Py, () (Pra(2)(a)) - 3Py, () (3P, (dp()) ™) - mp(d(fr () ™" - aPgr, (1) (aPr, (dp(a)) - pra(f)(a)

via dp(a)

3Ppr, (g) (Pr2(k2)(0)) - 3Py, () (3P, (45(0)) 1) - 3Py, (3P, (dp(0)) - (Pra(£)(@) - Pra(9)(@) ™) ™ - Py, 1) (3P, (dp(@))) ™" - 3Pyr, (1) (3P, (dp(0)) - PP (f)(a)

Py, (g) (Pr2(k2) () - pry(g)(a)
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We can contract the four left-hand fields to the point defined by

d(t) = (pry(ks) (1), pry (k) (1), (1))
hi(t) = reflo ko))

ho(t) = reflor (ko))

(1) = Rd(q(t))

because pry(X) Xpr, (z) pri(Y) is the standard pullback of F(S). Therefore, it suffices to prove that
the type of data

dy @ pri(k1) o fr ~ pry(X)
Hy : dy ~ pry(ky)

dy i pro(ke) o fr ~ pry(Y)
Hy @ dy ~ pry(ks)

ds [ a(fr(a)) = apy, ()(di(a) - pra(f)(a) - pra(g)(@) ™" - apyy, (g) (da(@)) "
a:A

v H@(T,d;g,HhHZ;a):Q(a)

a:A

is contractible. We can contract the first four fields to (pry(k1), refl, pro(ks2), refl). This leaves us with
the type of data

vz [Ja(fr(@)™ = apy, (g (Pra(ka)(@) - pra(g) (@) - pra(f)(@) ™" - appr, (g (Pra(ka)(a)) "
a:A

vy H\I!(vl,a) = Q(a)
a:A
where U (v, a) denotes the chain

q(fr(a))™" - apy () (Pra(k1)(a)) - pra(f)(a)

Hap—-app,1(f)(prz(kl)<a>)-pr2<.f><a)(”1)
(apprl(g)(sz(kz)(a)) -pro(g)(a) - pro(f)(a)~" - apprl(f)(prQ(kl)(a))il> “aPyr, (1) (Pra(k1)(a)) - pro(f)(a)

APy, (g) (Pra(k2)(a)) - pra(9)(a)

As the function — - ap,, (5)(pr2(k1)(a)) - pra(f)(a) is an equivalence, it follows that this type is

contractible, as desired.

Remark. The category A/U is usually not LCC. Indeed, it is not LCC whenever A is connected. In
this case, suppose, for example, that I' is the discrete graph on 2 and define the A-diagram F' over I"
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by F; := (A,id4) for each i : 2. Then
pry(colimf(F) x4 2) ~ A+ At A+ A+ A~ pry(colim?(F; x1 2))

where A — 2 is defined by, say, a — 0.

By the classical adjoint functor theorem, a locally presentable co-category is LCC if and only if all
its colimits are universal. In this light, Corollary 5.0.3 may be seen as a lower bound on how close
AJU is to being LCC.

6 Preservation of connected maps

Let T" be a graph. Consider the wild category Dr of all diagrams over I" valued in Y. Its object type
is > prg o i jr, T1(i,4) — Fi — Fj, and the type of morphisms from F' to G is F' = G. The
identity transformation is

idp = (Mi.idg,, XidjAgAz.reflp, | )

and the composition of natural transformations is the function

o: (G=H)— (F=G)— (F= H)

(B:9) o (a,p) = | Ni.Bj 0 vy, NiAjAGAT. G; j g () - apg, (Pij,g())

(g+p)(i,4,9,)

Lemma 6.0.1. Consider a family of types
P Moo, roo DoalL Guseaasorn, Swl o (i Tl Piio(@) = apa,  (Wile) - gis () - Wi(Fisy(0) ™) = U
Suppose that for each (a,p) : F = G, we have a term
c(a,p) = Pla,a,p,p, Nidz.refly, o), AidjAgAz. Rld(pi,j7g(x))_l).
Then we have a function

S Haﬁ;l_L ro Fi—G; Hp,qznw)y G j,g00i~a;oF; j g HW:Hl ro i~ fBi HC:HLM Hz:F,, pb,],g(z):apcq‘m(W’L(x))»q,,]_g(x)»W](F,,]_g(x))*l P(a7 B,p: 4, C)

along with an equality s(cv, o, p, p, Nidx.refly, (), NidjAgAz. RId(p; j g(z))~!) = c(a, p) for each (a,p) :
F=d.
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Proof. For all (o,p),(B,q): F = G, we can use Theorem A.0.3 to find an equivalence happlyp

(o, p) = (B,9)

12

> I I Pise(@) = ape,, ,(Wilx)) - gijig(x) - W;(Fijg(x)) "

W:Hi:r‘o a;~f; 15,9 x: F;

(c,p)~r(B,q)

Thus, the family
(Baq) — (Oé,p) ~T (Bvq)

pointed by (refly, (1), Rld(p; j,¢4(x))~") is an identity system on (F = G, (a,p)). Now Theorem A.0.2

gives us our desired section. O
Notation.

o Define (W,C) := happlyfl(VV7 ).

o For cach (o, ) : F' = G, define o* = (, ayp).
The following three propositions are easy to verify with Lemma 6.0.1.

Proposition 6.0.2 (Precomposition). Let o*,5* : G = H and (* : F = G. For every
(W,C) : a* ~p B*, we have a path

ap—og* (<VV7 C>) = <)‘Z)“TW1(CZ(CE))7 Al)‘])‘g)‘xTW,C(Zv Jv 9, {,C)>

between elements of the identity type

F; j F;
F; Al F; F; i F;

\ \ | \
@;o(; (ap*Cp); ;4 a;oC; o BioC; (Bp*Cp); ;.4 Bjol;
{ + +

¢ Hi-,j,g J ¢ Hij.g J
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where Tw.c (i, 7,9, ) denote the chain of paths

ap(i7j7 9, CZ(J")) ) apaJ (Cp(i7j7 9, T))
|
via cuj,g((i(z))
I
(aPHZ,],g(Wi(Ci(w))) “Bpli, js g, Gi(x)) - Wj(Gi,j,g(Ci(Ji)))_1> “apq, (Cp(i, 7, 9, 7))
homotopy naturality of W; at (4, 4, g, x)

I
(apH,i,%g(Wi(Ci(x))) . /Bp(ivjvga Q(x)) . apﬁj (Cp(iaja 9, LIT)) . Wj(Cj(Fi,j,g(x)))71 . apaj (gp(i7j7g7$))71) . apaj (Cp(ivjv.% 17))

b, (WilG(@))) - (Bylis 9, Gi2)) - 303, (Gl 329, 2))) - W3 (G (g ()~

Proposition 6.0.3 (Postcomposition). Let * : G = H. Let o*,5* : F = G. For every
(W,C) : a* ~r B*, we have a path

ape-o ((W,C)) = (Xidz.ap, (Wi(2)), XidjAga.tw.c (i, , . )

between elements of the identity type

Fijg Fijg

F F, P F,
| | | |
Gioa (Cp*ap)i,j,g ¢joay _— GioBi ((p*ﬁp)i,j,g ¢j0B;

{ {
H Hi g H; i Hijg Hi

where Tw,c (1,7, 9,x) denotes the chain of equalities

Cp(ia.jvgv al(x)) . ap{_i (ap(ivja g, $))
l

via Cy j,4(x)
I
Cp(iij g, al(x)) : ap§] (apGLJ,g (Wl(x)) : Bp(ivjag> LE) ) W](Fl,],g(f))_l)

Cp(is 49, @i(2)) - apg,eq, ;, (Wil@)) - apg, (Bp(i, 4, 9, %)) - apg, (W (Fij (%)) "
I

homotopy naturality of ¢, at Wi (x)

I
Cp(ivjv g, 0[1(1‘)) : (Cp(lvjv g, ai(‘r))il : apH,,jﬁg(ap(i (Wl(x))) : (P(i7j7gv Bl(z))) : apgj (ﬂp(zvjv 9, ‘T)) : ap(j (Wj(Fiyj,g(x)))il

apm, ,, (a0, (Wi(@)) - (Go(6.7,9Bi()) - ape, (By (0,3, 9,2))) - ape, (Wi (Fij ()

,3,9
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Proposition 6.0.4 (Concatenation). Let o*,8* ¢ : F = G. Let (W,C) : a* ~r * and
(Y,D) : B* ~r €*. We have a path

<VV7 C> : <Ya D> “ar=e* <)‘Z/\sz(x) : ifl(x)a /\ZAJAQA'ITC,D(%]’ 9, JC)>
where 7c p(i,7,g,x) denotes the chain of equalities

O‘p(ivja 9, x)
Cij.q(2)
apg, , ,(Wi(x)) - By(i, 4, 9,2) - Wi(Fy jg(2)) 7"

via D; j q(x)

P, ,, (Wila)) - (apa, (Vi) - 6 (i23,9,) - Y (Fi g (2)) ™) - Wy (Fr ()

. -1
apg, ,,(Wiz) - Yi(2)) - 6 (i, 5, 9,2) - W (Fijg(2)) - Y5(Fijg()))
Lemma 6.0.5. The category Dr has the structure of a bicategory.
Proof. By the three preceding coherence laws for Dr together with a bunch of routine path algebra. [

Proposition 6.0.6. The category Dr is a univalent bicategory.

Preservation theorem

Let F and G be U-valued diagrams over I' and suppose that (h,«) : F' = G. For each i : 'y, we have

a factorization (img »(hi), Si, i, Di, . - .) of h;. Therefore, we have a commuting square

5j0Fi,j,9 .
F; img = (h;)
Si aPci‘jyg(Pz‘(fﬂ))'ai,j,g(ﬂﬁ)ﬁj(Fz‘,j‘g(f))fl t;
imE,R(hi) Gisg0ts Gj
and thus a diagonal filler
sjoF; 5 g .
Fi 1m577g(hj)
H7’v]vg ///7
Si dijq tj
7 Lij.g
lmL,’R(hi) —>Gi g0t Gj

where
apg, ,, (Pi(2)) - i jg(x)  pj(Fijg(x)™" = Lijg(si(x) ™" - apy, (Hijge(x))

for all z : F;.
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Theorem 6.0.7 (Unique factorization). For each F,G : Dr and H : F = G, define the predicates

L) = [[cam)
i:To

R(H) = [[RH).
i:To

Let (h,a) : F = G. The type

~

factz(hya) = % D D (ToS~(ha)x L(S) x R(T).

A:Dr S:F=AT:A=G
is contractible.

Proof. We have already exhibited an element of fact> (h,«). Thus, it remains to prove that it’s a

R
mere proposition.

Note that factzﬁ(h, «) is equivalent to the type of data

Ag : To—U
So : H F;, — Ai
iiTo A o ITo—=To—U
To : H Ai — Gi Sl : H Ai,j,g ¢} Sz ~ S] o Fi,j,g
i:Tg 7,9
P : H Ti o Sz ~ hl T1 : H Gi,j,g o T’Z ~ Tj o Ai,j,g
i:To 4.3,9
L []es) p: J]TI (@ *5)Gdgx) =apg, , , (Pi(x)) - 0ijg(x) - Pi(Fijg(x) ™"
i:To 1,5,9 w:F;
R : J[R®T)
:To

We can contract the six left-hand fields because factz z(h;) is contractible for each i : T'g. Let
(Ao, S, T, P, L, R) be a tuple of the first six fields and call the type of the last four fields coherz (Ao, S, T, P, L, R).
Let (Ay,s,t,p) and (A}, s',t',p’) be elements of coher, z (A, S,T, P, L, R). We must prove that they

are equal.

Note that

Pivig(®)  tijg(Si(2)) - apr, (sijge(2) = apg, ,  (Pi(x)) - i jg(x) - P(Fijg(x)~"
Pijg(®)  t,(Si(x)) - apr, (s ,(2) = apg, .  (Pi(x)) - i jg(x) - P(Fijg(x))~"
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Therefore, we have two commuting squares

P S;0Fi ;o A, P S;0F; ;.4 Y
Sij.g / Sidia /
Si‘ Aij.g ‘Tj Si‘ Al ‘TJ
/ tiiia T ()
A Gij,g0Ts Gj Ai Gi,jgoTs GJ

along with two terms

_ -1 . _
(Aiyj,gv Si,j,g’ti,jl,gvpiyj,g) ) (A;,j,QV S;,j,gv (t;,j,g) 7p;,j,g> s Aill(Az. aPG,;,]»,g(R'(x))'ai,j,g(x)‘Pj (Fijg(z)) 1)
By Lemma 3.2.5 combined with Theorem A.0.3, this gives us data

1 .
Aijm : A;j’gwA
A7 @) AL (Si(@) ™ si (@) = sijg(2)
A?,j,g(x) : t;,j,g('r).aij(A'},j,g(x)) = tij,g(2)

4 . _
Ai,j,g (x) . Ti,th(x) : ap(t’,j,y(Srl(w))apT] (A,fd)g(sr,(z))))'7(apapTJ (Azg,g(‘L))) . ap—~apTJ (SIJ(](I))(A?‘]‘(](SZ(‘L))) = p;,j,g(‘r) : pi!jvg(w) 17

i

,5,9

where 7; ; ,() is the evident term of type

130 (S:()) - ap, (51 () = (15,4(Si()) - b, (AL, (S:(2)) -ap, (AL, (S:(2)) ™+ 5, (@)

By Theorem A.0.3 again, the type of such data is equivalent to (Ay,s,t,p) = (A}, s, t',p’), thereby
completing the proof. O

Corollary 6.0.8. The OFS (L,R) on U lifts pointwise to Dr.

Since the functor constr : Y — Dr clearly takes R to ﬁ, we deduce that colimp(—) takes LtoL by
Corollary 3.2.9. Now, for each X,Y : A/U, consider the predicate L4(f,p) = L(f) on X —4 Y.
Then the functor colim? takes EA to L4. Indeed, if a map € : A = B of A-diagrams belongs to EAA,

then the underlying function of coIim?(e) is precisely that induced by the morphism

A «—— colimpr A —— colimp(F(A))

ST

A <—— colimp A —— colimp(F(B))

of spans, and all three components belong to L.

In particular, if F' is a pointed diagram over I' such that each pry(F;) is (£, R)-connected, then the
type colim}s F' is also (£, R)-connected. Indeed, since colim{1 = 1, colim}. takes the unique map
F =, 1 of pointed diagrams to (c, ¢p) : colimp F' — colimp 1 where ¢ : colimp F' — 1 is the constant

map and ¢ € L.
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Example 6.0.9.

(a) For each truncation level n, if each pry(F;) is n-connected, then so is the underlying type of
colimf: F. In fact, if F'is an A-diagram with each pr, (F;) n-connected and A is n-connected,

then Corollary 4.5.3 shows that the underlying type of colim? F is also n-connected.

(b) Let ' be the graph with a single point * and a single edge from * to itself. Define the diagram
F over I by Fy(x) := 1 and F , . := idy. Then colimp(F) = S*, which proves that colimr does

not preserve n-connectedness when n > 1, unlike colimlf.

6.1 Cocompleteness of (n, k) GType

Let —2 <n < oo and —1 < k < oo be truncation levels. Recall from [4] the category (n, k) GType of
k-tuply groupal n-groupoids. This is equivalent to the full subcategory U3, ., of U* on (k—1)-

connected, (n + k)-truncated types. We have proven that this category has all colimits over graphs.

In fact, by our second construction of colimf} (Corollary 4.5.3) combined with Corollary 4.2.5 and
Lemma 3.1.9, we have that for every OFS (£,R) on U and every A : U, if A is (£, R)-connected,
then the full wild subcategory of A/U on (L, R)-connected, (£, R)-modal types has all colimits over
graphs.

7 Weak continuity of cohomology
Definition 7.0.1 (Finite graph).
e We say that a type A is finite if it’s merely equivalent to a standard finite type.
o We say that a graph I' is finite if 'y is finite and for each 7,7 : T'g, I'1 (4, j) is finite.

Lemma 7.0.2. IfT is a finite graph, then the type (i, 7) is finite.

4,7:To

Proof. This follows directly from [9, A dependent sum of finite types indexed by a finite type is
finite]. O

Let T be a finite graph. Then every generalized cohomology theory & : (U*)°Y — Ab takes pointed
colimits over I' to weak limits in Set, in the sense that the universal map from the limit is epic in
Ab (i.e., surjective). If k is additive (e.g., induced by an Q-spectrum), then this holds when T" is a
“0-choice” graph.

Eilenberg-Steenrod cohomology theories

Let H : Z — (U* — Ab) be a Z-indexed famility of functors U* — Ab. We say that H is an

(Eilenberg-Steenrod) cohomology theory if it satisfies the following two axioms.

o For each n : Z, we have a natural isomorphism H"*!(£—) 2% H"(—) of functors U* — Ab.
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e For each f: X —, Y, the sequence

) H™ (cof (f)) H"(f)

H"(Y/x H"(Y) H"(X)

is exact.

Example 7.0.3. Suppose that E : Z — U™ is a prespectrum, with structure maps €, : E,, = QF, 1.
We have a sequence

Hﬂk(ﬁwrk)o*“o

X = 08B X 0 2,

of abelian groups.? For each n : Z, define

E™ : U* — Ab
E"(X) = colimg,, ||X — QkEnJrkHO

where the colimit colimg.,, (Gg) of a sequence of abelian groups has underlying set colimg(pry (Gg))
and has abelian group structure defined by induction on sequentual colimits. This is a cohomology
theory. The suspension axiom is easy to verify. To see that it satisfies the exactness axiom, we first

record a lemma of group theory.

Lemma 7.0.4. Consider a levelwise exact sequence

(m1,My) (ma,Mz)
_ =

(4,a) (B,b) (C,0)

of sequential diagrams valued in Ab. Then the sequence

) colim(my) ) colim(mz)

colimy.., (Ag colimy,.., (Bg colimy.., (Cy)

of abelian groups is exact.
Proof. For each k: N and x : Ay,
colim(mg omq)(tx(z)) = tp(ma(k, (m1(k,z)))) = 0

because ma(k) o my(k) = 0 by levelwise exactness.
v (mz(k,x))
—_——
Next, let k : N and z : Bg. Suppose that colim(msz)(tx(z)) = 0. We want to show that the fiber of

colim(my) over ¢(x) is nonempty. By [10, Theorem 7.4], we have an equivalence

(t2:(0) =cotim e tx(ma(k,x))) =~ colim,.,(0"" =Cin ma(k,2)™")

2Here we assume that addition + : Z x N — Z is defined by pattern matching on the second argument.
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As ¢£(0) = 0, it thus suffices to prove that the fiber is nonempty under the assumption that
colim,, (07" = my(k,z)*™). For this we proceed by induction on sequential colimits. Let n : N and
p: 0" = my(k, 2)™™. By naturality of ma, we see that ma(k, 2)™™ = ma(k+mn,27™). As 0" =0, it
follows that " belongs to the kernel of ma(k + n). By levelwise exactness, this gives us an element
(d, q) : fiby, (kgny (@T™). We have that

colim(my)(tkan(d)) = than(mi(k+n,d)) = than(z™) = ().

This proves that the fiber over ¢x(x) is nonempty. O
Now it suffices to observe that

| —ocof (f)lo
R

Yix s 04 ] |—ofllo
0

[¥ = @By 5% X~ @ Baa],

is exact for every f: X —, Y (see [5, Section 3.2.2]).

For each n : Z, the functor E™(—) computes the —2n-th degree [£°°(—), E]_,,, of the graded hom-
group in the category of prespectra [1, Proposition 2.8], where X°°(X) denotes the suspension
prespectrum of a type X. For example, if E is the sphere spectrum, then E‘”(—) is precisely the

2n-th homotopy group functor 7o, (—) on prespectra.

If H satisfies
H"(S%) =1
for all n # 0, then H is called ordinary.

If the map

[[#a"Gnro G, -) « H(\/ F) = [[H"(F)
i1 i1

a1
is an isomorphism for every set I satisfying 0-choice and every family F': I — U* of pointed types,
then H is called additive.

Example 7.0.5. Every Q-spectrum F : Z — U* induces an additive cohomology theory E , which is
ordinary if E is an Eilenberg-MacLane spectrum.
Mayer-Vietoris sequence

Suppose that H* is a cohomology theory. Consider a pushout

Z 25y

o]

X — P
of pointed types and pointed maps. In [5], Cavallo constructs a LES of the form

extglue (H" (inl),H™ (inr))

L H"™ () H"(P) HYX) x H(y) LD gy
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In particular, thanks to Corollary 4.5.3 combined with Lemma 7.0.2, if " is a finite graph, then we

have an exact squence

H"(colimp F) —— [, H™(Fy) x [, H*(F,) =2 1, H™(F) x [1,;, H"(F) (%)

for each n : N. If H* is additive, then this holds when T is just a 0-choice graph. Here, (, is defined

as the composite

H"(colim}\ F) ——-— o Ty, HY(F) < 1, H™(F)

J, ==

Hn(vi,j,g Fy) x H"(\/, Fy)
and p, and v, are defined as

(f.h) = (f; NiAjAg.-H™ (Fij6)(h;))

respectively. We have a cone

H"(colimf:(F))

H(F) T H(F)
over H"(F') and thus a commuting diagram
H(colim?(F)) --------- ELR— > limp H"(F)
Hm pr;
H"(Fy)

induced by the universal property of limits in Ab. Thanks to the exact sequence (x), we see that
Ap is epic. Thus, A is epic in Set as well. Classically, this implies that H"(colim[.(F)) is a weak
limit in Set. If we assume the axiom of choice inside HoTT, then we can conclude that A is merely

a weak limit in Set.

A Identity systems

In this section, we describe our main tool for characterizing path spaces of structured types: the

structure identity principle (SIP).

Definition A.0.1 (Identity system). Let (A,a) be a pointed type. Consider a type family B
over A and an element b : B(a). We say that (B,b) is an identity system on (A, a) if the total space
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> .4 B(z) is contractible.
Theorem A.0.2. The following are logically equivalent.
o The family B is an identity system on (4, a).

o The family of maps f : [[,.4 (a =) — B(z) defined by f(a,refly) = b is a family of equiva-

lences.
o For each family of types P : [],.4 B(z) = U, the function
hes h(a,b) = | ] T] P(.v) | = Pla,b)
z:Ay:B(x)
has a section, denoted by indp.
Proof. See [7, Theorem 11.2.2]. O
Theorem A.0.3 (SIP). Let (A, a) be a pointed type, (B,b) a pointed type family over A, and (C,c)
an identity system on (A,a). Consider terms
D : [[B) = Cx)>U
z:A

d : D(a,b,c)

(We call (D, d) a standard notion of structure (SNS) for (A,a).) Then the following are equivalent.

e The total space

> Dla,y,0)

y:B(a)
1s contractible.

o FEvery family of maps

((a,b) = (2,9)) = > Dl,y,2)

2:C(x)

indexed by (x,y) : Y .. 4 B(x) is a family of equivalences.

o The type family

(y) = Y Dia,y.2)

z:C(x)

is an identity system at (a,b) : >, , B(x).

Proof. See [7, Theorem 11.6.2]. O
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